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Abstract. 

These Lectures summarize the relevant material on existent applications of jet manifold techniques 
to classical and quantum field theory. The following topics are included: 1. Fibre bundles, 2. Jet 
manifolds, 3. Connections, 4- Lagrangian field theory, 5. Gauge theory of principal connections, 
6. Higher order jets, 7. Infinite order jets, 8. The variational bicomplex, 9. Geometry of simple 
graded manifolds, 10. Jets of ghosts and antifields. 



Introduction 



Finite order jet manifolds |24|, f42[ provide the adequate mathematical formulation of 
classical field theory |T7|, . Infinite order jets and jets of odd variables find applications 

to quantum field theory, namely, to the field-antifield BRST model H || [HJ [□]] . Therefore, 
we aim to modify our survey |hep-th/94 11089 and to complete it with the relevant facts on 



infinite order jets, the variational bicomplex, and jets of graded manifolds |19, 20, 30, 41 



All morphisms throughout are smooth and manifolds are real, smooth, and finite- 
dimensional. Smooth manifolds are customarily assumed to be Hausdorff and second- 
countable topological space (i.e., have a countable base for topology). Consequently, they 
are paracompact, separable (i.e., have a countable dense subset), and locally compact topo- 
logical spaces, which are countable at infinity. Unless otherwise stated, manifolds are 
assumed to be connected, i.e., are also arcwise connected. 



1 Fibre bundles 



A fibred manifold (or a fibration) over an n-dimensional base X is defined as a manifold 
surjection 

7r:F^X, (1.1) 

where Y admits an atlas of fibred coordinates (x A , y l ) such that (x A ) are coordinates on the 
base X, i.e., 

7T : Y 3 (x x ,y i ) i-> (x A ) G X. 



This condition is equivalent to ir being a submersion, i.e., the tangent map Ttt : TY — > TX 
is a surjection. It follows that tc is also an open map. 

A. Smooth fibre bundles 

A fibred manifold Y —>■ X is said to be a (smooth) fibre bundle if there exist a ma- 
nifold V, called a typical fibre, and an open cover il = {U^} of X such that Y is locally 
diffeomorphic to the splittings 

^ : tT 1 ^) -[/ e xF, (1.2) 

glued together by means of transition functions 

p ec = ^o^ 1 :[/ e n[/ ( xl/^^n(/ ( xV r (1.3) 

on overlaps Ug H £7^. It follows that fibres Y^. = 7r _1 (a;), i 6 X, of a fibre bundle are its 
closed imbedded submanifolds. Transition functions p^ fulfil the cocycle condition 

Ptt P(c = P^ (1-4) 
on all overlaps U^nU^nU L . We will also use the notation 

^(x) : Y x -> V, xe U ( , (1.5) 
Px(x) : V V, xeU^HU c . (1.6) 

Trivialization charts (U^, ip^) together with transition functions p^ ( |1.3| ) constitute a bundle 
atlas 

* = {(0e,VfcW} (1-7) 

of a fibre bundle K — > X. Two bundle atlases are said to be equivalent if their union is also 
a bundle atlas, i.e., there exist transition functions between trivialization charts of different 
atlases. A fibre bundle Y — > X is uniquely defined by a bundle atlas, and all its atlases are 
equivalent. 

Throughout, only proper coverings of manifolds are considered, i.e., ^ if Q 7^ £. 
A cover il' is said to be a refinement of a cover il if, for each U' £ il', there exists C7 £ il 
such that U' C U . Of course, if a fibre bundle Y — > X has a bundle atlas over a cover il of 
X, it admits a bundle atlas over any refinement of il. The following two theorems describe 
the particular covers which one can choose for a bundle atlas. 

Theorem 1.1. Every smooth fibre bundle Y — > X admits a bundle atlas over a countable 
cover il of A where each member of il is a domain (i.e., a contractible open subset) 



whose closure is compact pifl . □ 
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Proof. The statement at once follows from the fact that, for any cover il of an n-dimensional 
smooth manifold X, there exists a countable atlas {(U-,4>i)} of X such that: (i) the cover {U-} 
refines il, (ii) (/>i(U!) = R n , and (iii) u\ is compact, i G N. QED 

If the base X is compact, there is a bundle atlas of Y over a finite cover of X which obeys 



the condition of Theorem |1 . 1| . In general, every smooth fibre bundle admits a bundle atlas 
over a finite cover of its base X, but its members need not be contractible and connected 
as follows. 

Theorem 1.2. Every smooth fibre bundle Y — > X admits a bundle atlas over a finite 
cover il of X. □ 



Proof. Let ^ ( |1.7| ) be a bundle atlas of Y — > X over a cover il of X. For any cover il of a 
manifold X, there exists its refinement {Uij}, where j € N and i runs through a finite set such 
that Uij n £/jfc = 0, j j^z k. Let {(Uij,ipij)} be the corresponding bundle atlas of the fibre bundle 
Y —* X. Then Y has the finite bundle atlas 



Ui d =UUij, ^i{x) A =ij)ij{x), xeUijCUi. 
j 



QED 



Without a loss of generality, we will further assume that a cover il for a bundle atlas of 
Y — > X is also a cover for a manifold atlas of the base X. Then, given a bundle atlas ^ 
(|1.7|), a fibre bundle Y is provided with the associated bundle coordinates 



x\y) = (x x o 7r)(y), ^(y) = (</ o y e tt" 1 ^), 

where x A are coordinates on C X and are coordinates on the typical fibre V. 

Morphisms of fibre bundles, by definition, preserve their fibrations, i.e., send a fibre to 
a fibre. Namely, a bundle morphism of a fibre bundle tt : Y — > X to a fibre bundle tt' : 
y — > X' is defined as a pair ($, /) of manifold morphisms which make up the commutative 
diagram 



X -UX' 



7r' O $ = / O 7T, 



i.e., $ is a fibrewise morphism over / which sends a fibre Y x , x G X, to a fibre ^/(a,)- A 
bundle diffeomorphism is called an isomorphism, or an automorphism if it is an isomor- 
phism to itself. In field theory, any automorphism of a fibre bundle is treated as a gauge 
transformation. For the sake of brevity, a bundle morphism over / = Id X is often said to 
be a bundle morphism over X, and is denoted by Y — >Y'. In particular, an automor- 

phism over X is called a vertical automorphism or a vertical gauge transformation. Two 
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different fibre bundles over the same base A are said to be equivalent if there exists their 
isomorphism over A. A bundle monomorphism $ : Y —>■ Y' over X is called a subbundle 
of the fibre bundle Y' — > X if $(F) is a submanifold of Y'. 

In particular, a fibre bundle Y — > X is said to be trivial if it is equivalent to the Cartesian 
product of manifolds 

X x V ^X. 

It should be emphasized that a trivial fibre bundle admits different trivializations Y = X xV 
which differ from each other in surjections Y —>■ V. 



Theorem 1.3. A fibre bundle over a contractible base is always trivial |]4"5 |. □ 

Classical fields are described by sections of fibre bundles. A section (or a global section) 
of a fibre bundle Y — > X is defined as a manifold injection s : X — > Y such that 7ros = Id X, 
i.e., a section sends any point x G X into the fibre Y x over this point. A section s is an 
imbedding, i.e., s(X) C Y is both a submanifold and a topological subspace of Y. It is 
also a closed map, which sends closed subsets of X onto closed subsets of Y. In particular, 
7r(X) is a closed submanifold of Y. Similarly, a section of a fibre bundle F — > X over a 
submanifold of X is defined. Let us note that by a local local section is customarily meant 
a section over an open subset of X. A fibre bundle admits a local section around each point 
of its base, but need not have a global section. 

Theorem 1.4. A fibre bundle F — > A whose typical fibre is diffeomorphic to an Eu- 
clidean space R m has a global section. More generally, its section over a closed imbedded 
submanifold (e.g., a point) of X is extended to a global section [fl5|| . □ 



Given a bundle atlas \I> and associated bundle coordinates (x x ,y l ), a section s of a 
fibre bundle F — > X is represented by collections of local functions {s l = y % o ^ o s} on 
trivialization sets £/f. 

In conclusion, let us describe two standard constructions of new fibre bundles from old 
ones. 

• Given a fibre bundle 7r : Y — > A and a manifold morphism f : X' X , the pull-back 
of F by / is defined as a fibre bundle 

/*F = {(x\ y)eX'xY : 7r(y) = /(a/)} (1.8) 

over A' provided with the natural surjection (x',y) i— > a/. Roughly speaking, its fibre 
over a point a/ G A' is that of F over the point f(x') G A. 

• Let F and F' be fibre bundles over the same base A. Their fibred product F x Y' 
is a fibre bundle over A whose fibres are the Cartesian products Y x x Y' x of those of 
fibre bundles F and F'. 
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B. Vector and affine bundles 



Vector and affine bundles provide a standard framework in classical and quantum field 
theory. Matter fields are sections of vector bundles, while gauge potentials are sections of 
an affine bundle. 

A typical fibre and fibres of a smooth vector bundle 7r : Y — > X are vector spaces of 
some finite dimension (called the fibre dimension fdimV of Y), and Y admits a bundle atlas 
$ ( |1.7| ) where trivialization morphisms ip^(x) ( |1.5| ) and transition functions p^{x) ( |1.6| ) are 
linear isomorphisms of vector spaces. The corresponding bundle coordinates (y l ) possess a 
linear coordinate transformation law 

V H = P)i.x)y j . 

We have the decomposition y = y l ei(n(y)), where 

{e;(x)} = V^OK^}, x = ir(y) e % 

are fibre bases (or frames) for fibres Y x of Y and {vi} is a fixed basis for the typical fibre V 
ofV. 



By virtue of Theorem |1.4j , a vector bundle has a global section, e.g., the canonical zero 
section 0(X) which sends every point x £ X to the origin of the fibre Y x over x. 
The following are the standard constructions of new vector bundles from old ones. 

• Given two vector bundles Y and Y' over the same base X, their Whitney sum Y © Y' 
is a vector bundle over X whose fibres are the direct sums of those of the vector 
bundles Y and Y' . 

• Given two vector bundles Y and Y' over the same base X, their tensor product Y ®Y' 
is a vector bundle over X whose fibres are the tensor products of those of the vector 
bundles Y and Y'. Similarly, the exterior product Y A Y of vector bundles is defined. 
We call 

AV = XxR©V©AV©---©AV, m = fdimV, (1.9) 

XX XX 

the exterior bundle of Y. 

• Let Y — » X be a vector bundle. By Y* — > X is denoted the dual vector bundle whose 
fibres are the duals of those of Y. The interior product (or contraction) of Y and Y* 
is defined clS db bundle morphism 

I : V© Y* — >Ixl 
J x 
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Vector bundles are subject to linear bundle morphisms, which are linear fibrewise maps. 
They possess the following property. Given vector bundles Y' and Y over the same base 
X, every linear bundle morphism 

$ : YL 3 {ej(*)} ~ {^(x)e k (x)} G Y x 

over X defines a global section 

$ : x h-» $f (x)e fc (x) ® e /l (a;) 

of the tensor product Y © V*, and i>zce versa. 

Given a linear bundle morphism $ : Y' — *■ Y of vector bundles over X, its kernel Ker $ 
is defined as the inverse image $ _1 (0(X)) of the canonical zero section 0(X) of Y. If $ is 
of constant rank, its kernel Ker $ and its image Im $ are subbundles of the vector bundles 
Y' and Y, respectively. For instance, monomorphisms and epimorphisms of vector bundles 
fulfil this condition. If Y' is a subbundle of the vector bundle Y — > X, the factor bundle 
Y/Y' over X is defined as a vector bundle whose fibres are the quotients Y x /Y x , 

Let us consider a sequence 

Y' 1 > Y J > y" 

of vector bundles over X. It is called exact at Y if Ker j = Imi. Let 

-»• Y' ^ Y -^-> Y" -> (1.10) 

be a sequence of vector bundles over X, where denotes the zero-dimensional vector bundle 
over X. This sequence is called a short exact sequence if it is exact at all terms Y', Y, 
and Y" . This means that % is a bundle monomorphism, j is a bundle epimorphism, and 
Ker j = Imi. Then Y" is the factor bundle Y/Y'. One says that the short exact sequence 
( |1.10 ) admits a splitting if there exists a bundle monomorphism s : Y" — > Y such that 



j o s = Id Y" or, equivalently, 

y = i(y') © s (y") = y © y". 



Theorem 1.5. Every exact sequence of vector bundles (|1.10|) is split p^j . □ 



Given an exact sequence of vector bundles ( |1.10| ), we have the (dual) exact sequence of 
the dual bundles 



o -> y 



Y' 



0. 



Let us turn to affine bundles. Given a vector bundle Y — >• X, an affine bundle modelled 
over y — > X is a fibre bundle Y — > X whose fibres Y,, x G X, are affine spaces modelled 
over the corresponding fibres Y x of the vector bundle Y, and Y admits a bundle atlas 
\I/ ( |L7| ) whose trivialization morphisms ip^{x) and transition functions functions p^(x) 
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are affine maps. The corresponding bundle coordinates (y l ) possess an affine coordinate 
transformation law 



/ = p){x)y j + p*(x). 
There are the bundle morphisms 

YXY Y, (y\f)^yi + f, 

X x 

YXY —*Y, (y\y«)^yi-y 
X x 



ll 



where (y 1 ) are linear bundle coordinates on the vector bundle Y. For instance, every vector 
bundle has a natural structure of an affine bundle. 



By virtue of Theorem L4 , every affine bundle has a global section. 



One can define a direct sum Y © Y of a vector bundle Y ' — > X and an affine bundle 
Y — > X modelled over a vector bundle Y — > X. This is an affine bundle modelled over the 
Whitney sum of vector bundles Y (BY. 

Affine bundles are subject to affine bundle morphisms which are affine fibrewise maps. 
Any affine bundle morphism $ : Y — > Y' from an affine bundle Y modelled over a vector 
bundle Y to an affine bundle Y' modelled over a vector bundle Y , yields the linear bundle 
morphism of these vector bundles 

— _ _ , • — d& ■ 

$ :Y ^Y, 37*0$=-—^. (1.11) 

dyi 



The analogues of Theorems |1.1| , |f ,2| on a particular cover for atlases of vector and affine 
bundles hold. 



C. Tangent and cotangent bundles 

Tangent and cotangent bundles exemplify vector bundles. The fibres of the tangent 
bundle 

-Kz '■ TZ — > Z 

of a manifold Z are tangent spaces to Z. The peculiarity of the tangent bundle TZ in 
comparison with other vector bundles over Z lies in the fact that, given an atlas ^ z = 
{(U^,(j)^)} of a manifold Z, the tangent bundle of Z is provided with the holonomic atlas 
^ = {(t/^, = T(p^)}, where by T<p^ is meant the tangent map to Namely, given 
coordinates (z x ) on a manifold Z, the associated bundle coordinates on TZ are holonomic 
coordinates (i A ) with respect to the holonomic frames {d\} for tangent spaces T Z Z, z G Z. 
Their transition functions read 

•/A 9z' X . u 
z' x = - — Z^. 

dz* 1 
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Every manifold morphism / : Z — > Z' yields the linear bundle morphism over / of the 
tangent bundles 

df x 

Tf : TZ — >TZ' z' x oTf=^—z^. (1.12) 

It is called the tangent map to /. 

The cotangent bundle of a manifold Z is the dual 

ir^z '■ T*Z — ► Z 

of the tangent bundle TZ — > Z. It is equipped with the holonomic coordinates (z x ,z\) 
with respect to the coframes {dz x } for T*Z which are the duals of {d\}. Their transition 
functions read 

., _ dz» . 
Zx = dz*^' 
A tensor product 



k 



T = {®TZ) (g> (®T*Z), m,fc6l, (1.13) 

over Z of tangent and cotangent bundles is called a tensor bundle. 

Tangent, cotangent and tensor bundles belong to the category of natural fibre bundles 
which admit the canonical lift of any diffeomorphism / of a base to a bundle automorphism, 
called the natural automorphism For instance, the natural automorphism of the 



tangent bundle TZ over a diffeomorphism / of its base Z is the tangent map Tf ( |1.12[ ) 



to /. In view of the expression (|1.12| ), natural automorphisms are also called holonomic 
transformations or general covariant transformations (in gravitation theory). 

Let us turn now to peculiarities of tangent and cotangent bundles of fibre bundles. 

Let 7Ty : TY —* Y be the tangent bundle of a fibre bundle tt : Y — > X. Given 
bundle coordinates (x x ,y l ) on Y, the tangent bundle TY is equipped with the holonomic 
coordinates (x x , y l , x x , y l ). The tangent bundle TY — > Y has the subbundle VY = KeiTn 
which consists of the vectors tangent to fibres of Y. It is called the vertical tangent bundle 
of Y, and is provided with the holonomic coordinates (x A , y l , y l ) with respect to the vertical 
frames {<9j}. 

Let T$ be the tangent map to a bundle morphism $ : Y — ► Y' . Its restriction V$> to 
VY is a linear bundle morphism VY — > VY' such that 

f oV$ = y j dj&. 

It is called the vertical tangent map to 

In many important cases, the vertical tangent bundle VY — > Y of a fibre bundle Y X 
is trivial, and is equivalent to the fibred product 

VY^YxY (1.14) 

x 
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of Y and some vector bundle Y — > X . This means that VY can be provided with bundle 
coordinates (x x ,y\y l ) such that a transformation law of coordinates y l is independent of 
coordinates y\ One calls ( |1.14 ) the vertical splitting. 



For instance, every affine bundle Y — > X modelled over a vector bundle Y — > X admits 
the canonical vertical splitting ( 1.14Q with respect to the holonomic coordinates y l on VY, 



whose transformation law coincides with that of the linear coordinates y 1 on the vector 
bundle Y. If Y is a vector bundle, the vertical splitting (|1.14j) reads 



VY^YxY. (1.15) 

X 

The vertical cotangent bundle V*Y — > Y of a fibre bundle Y — > X is defined as the 
dual of the vertical tangent bundle VY — > Y. It is not a subbundle of the cotangent bundle 
T*Y, but there is the canonical surjection 

C : T*Y 3 x x dx x + ydy 1 h-> y^ G V*Y, (1.16) 

where {<iy*} are the bases for the fibres of V*Y which are duals of the holonomic frames 
{di} for the vertical tangent bundle VY. It should be emphasized that coframes {dy*} for 
T*Y and {dy 1 } for V*Y are transformed in a different way. 

With VY and V*Y, we have the following two exact sequences of vector bundles over 

Y: 

o^yy^Ty^yxrx^o, (i.i7a) 

x 

0^YxT*X ^T*Y ^V*Y -> 0. (1.17b) 



In accordance with Theorem |1.5| , they have a splitting which, by definition, is a connection 
on a fibre bundle Y — ► X. 

D. Composite fibre bundles 

Let us consider the composition 

tt:Y^S^X, (1.18) 
of fibre bundles 

ttyh '■ Y — ► S, (1.19) 

7T SX : S -> X. (1.20) 

It is called the composite fibre bundle. It is provided with bundle coordinates (x A , cr m , y l ) , 
where (x A ,cr m ) are bundle coordinates on the fibre bundle (|1.20|) , i.e., transition functions 
of coordinates a m are independent of coordinates y i . 

The following two assertions make composite fibre bundles useful for numerous physical 
applications [|T7|, . 
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Proposition 1.6. Given a composite fibre bundle ( |1.18|) , let h be a global section of the 
fibre bundle E — > X. Then the restriction 

Y h = h*Y (1.21) 

of the fibre bundle Y — > E to /i(X) C E is a subbundle of the fibre bundle F — * X. □ 

Proposition 1.7. (i) Given a section /i of the fibre bundle E — > X and a section ss of 
the fibre bundle Y — » E, their composition s = ss o /i is a section of the composite fibre 
bundle Y ^X ( |L18|) . 



(ii) Conversely, every section s of the fibre bundle Y — > X is a composition of the section 
/i = 7Tys o s of the fibre bundle E —>■ X and some section of the fibre bundle Y —>■ E over 
the closed imbedded submanifold h(X) C E. □ 

In field theory, sections h of the fibre bundle E — > X play the role, e.g., of a Higgs field 
and a gravitational field. 

E. Vector fields 

A vector field on a manifold Z is defined as a global section of the tangent bundle 
TZ — > Z. The set %_(Z) of vector fields on Z is a real Lie algebra with respect to the Lie 
bracket 

[v : u ] = ( v x d x u^ - u^xv^, v = v x d x , u = u x d X - 

Every vector field on a manifold Z can be seen as an infinitesimal generator of a local 
one-parameter group of diffeomorphisms of Z as follows |23| . Given an open subset U C Z 



and an interval (— e, e) of R, by a local one-parameter group of diffeomorphisms of Z defined 
on (— e, e) X U is meant a map 

G : (-e, e)xU 3 (t, z) i-> G Z 

such that: 

• for each t G (— e, e), the map G t is a diffeomorphism of U onto the open subset 
G t (U)cZ; 

• G w /(z) = (G t oG(/)(z) if t,t',t + t' G (-e,e) and G t >(z), z G [/. 

If G is defined on (— e, e) x Z, it can be prolonged onto RxZ, and is called a one-parameter 
group of diffeomorphisms of Z. Any local one-parameter group of diffeomorphisms G on 
U C Z defines a local vector field u on U by setting to be the tangent vector to the 
curve z(t) = Gt{z) at t = 0. Conversely, if it is a vector field on a manifold Z, there exists 
a unique local one-parameter group G u of diffeomorphisms on a neighbourhood of every 
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point z G Z which defines u. We will call G u a flow of the vector field u. A vector field u 
on a manifold Z is called complete if its flow is a one-parameter group of diffeomorphisms 
of Z. For instance, every vector field on a compact manifold is complete |[23| . 

A vector field u on a fibre bundle Y — > A is an infinitesimal generator of a local one- 
parameter group G n of isomorphisms of Y — > A if and only if it is a projectable vector field 
on K. A vector field tiona fibre bundle Y — > A is called projectable if it projects onto a 
vector field on A, i.e., there exists a vector field r on A which makes up the commutative 
diagram 

Y - > TY 

Tit , r O 7T = T7T O «. 

A ~^TX 

A projectable vector field has the coordinate expression 

it = u x (x»)d x + u^x", r = u x d x , 

where u x are local functions on A. A projectable vector field is said to be vertical if it 
projects onto the zero vector field r = on A, i.e., u = u l di takes its values in the vertical 
tangent bundle VY. 

In field theory, projectable vector fields on fibre bundles play a role of infinitesimal 
generators of local one-parameter groups of gauge transformations. 

In general, a vector field r = r x d\ on a base A of a fibre bundle Y — > X gives rise to 
a vector field on Y by means of a connection on this fibre bundle (see the formula ( |3.6| ) 
below). Nevertheless, every natural fibre bundle Y —>■ X admits the canonical lift f onto 
Y of any vector field r on A. For instance, if Y is the tensor bundle (p.. 13 ), the above 
mentioned canonical lift reads 

f = r*0„ + [d^xj^ + ...- d^X?£% - • • (1-22) 



f = r ^ + ^rV— (1.23) 



In particular, we have the canonical lift 

d_ 

dx 

onto the tangent bundle TA, and that 



r = - d p r u x v ^- (1.24) 
dxp 

onto the cotangent bundle T*X. 
F. Exterior forms 
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An exterior r-form on a manifold Z is a section 

= -A\ x ...\ r dz Xl A • • • A cfz^ 
t\ 

T 

of the exterior product AT*Z — > Z. Let O r (Z) denote the vector space of exterior r-forms 
on a manifold Z. By definition, O (Z) = C°°(Z) is the ring of smooth real functions on Z. 
All exterior forms on Z constitute the N-graded exterior algebra 0*{Z) of global sections 
of the exterior bundle AT*Z (|1.9|) with respect to the exterior product A. This algebra is 
provided with the exterior differential 

d : O r (Z) -> O r+1 (Z), 

d(p = dz^ A dad = —,d a (j)x,...x r dz^ A dz Xl A • • • dz Xr , 

which is nilpotent, i.e., d o d — 0, and obeys the relation 

d((f) A cr) = A cr + A 

The symbol \<p\ stands for the form degree. 

Given a manifold morphism / : Z — > Z', any exterior fc-form </> on Z' yields the pull-back 
exterior form f*<p on Z by the condition 

r<j>{v\ . . . , v k ){z) = ^Tfiv 1 ), . . . , Tf{v k )){f{z)) 

for an arbitrary collection of tangent vectors v l , • ■ ■ , v k G T Z Z. The following relations hold: 

r(</»Aa) = />A/v, ^0 = /*^). 

In particular, given a fibre bundle 7r : F — >• X, the pull-back onto Y of exterior forms 
on X by 7r provides the monomorphism of exterior algebras 

7T* : o*{x) -> o*(y). 

Elements of its image 7r*(9*(X) are called basic forms. Exterior forms on Y such that 
wJ0 = for an arbitrary vertical vector field u on Y are said to be horizontal forms. They 
are generated by horizontal one-forms {dx x }. For instance, basic forms are horizontal forms 
with coefficients in C°°(X) C C°°(Y). A horizontal form of degree n = dimX is called a 
density. For instance, Lagrangians in field theory are densities. We will use the notation 

uo = dx 1 A • • • A dx n , io\ = d\\uj, oj^x = c^Jc^Jo;. (1-25) 

The interior product (or contraction) of a vector field u = u^d^ and an exterior r-form 
on a manifold Z is given by the coordinate expression 

y / ~\ \ k 1 

u\<j)= — ~, u Xk (px 1 ...x k ...x r dz Xl A • • • A dz Xk A • • • A dz Xr = (1.26) 

k=i r - 

, _ 1)] u^(j) fia2 ... ar dz a2 A • • • A dz ar , 
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where the caret ~ denotes omission. The following relations hold: 

0(wi,...,« r ) =« r J ■■■u 1 \ (f>, (1.27) 
u\(<pAa) =u\<f)Aa+(-l)W(pAu\a, (1.28) 
[u,u}\(j) = u\d(u\(f)) -u\d(u\(f)) -u'\u\d(j), (j)e0 1 {Z). (1.29) 

The Lie derivative of an exterior form <p along a vector field u is defined as 

L u (f) = u\d(f) + d{u\4>), 
and fulfils the relation 

L u (0 A a) = L u A cr + A L u a. 
In particular, if / is a function, then 

W = u(f) = u\df. 

It is important for physical applications that an exterior form is invariant under a local 
one-parameter group of diffeomorphisms Gt of Z (i.e., G^0 = 0) if and only if its Lie 
derivative L u along the vector field u, generating Gt, vanishes. 

G. Tangent- valued forms 

A tangent- valued r-form on a manifold Z is a section 

7*! 



^...A r ^ Al A "-- A ^ Ar (1.30) 



of the tensor bundle A T*Z ® TZ — > Z. Tangent-valued forms play a prominent role in jet 
formalism and theory of connections on fibre bundles. 

In particular, there is one-to-one correspondence between the tangent-valued one-forms 
on a manifold Z and the linear bundle endomorphisms 

4>:TZ^TZ, : T Z Z 9»h v\(j)(z) G T Z Z, (1.31) 
0* :T*Z ->T*Z, 0* :T*Z 3 v* i-> 0(z)>* G T;Z, (1.32) 

over Z. For instance, the canonical tangent-valued one-form 

e z = dz x ®d x (i.33) 



on Z corresponds to the identity morphisms (|1.31 ) and ( |1.32j ) 



The space 0*(Z) ® Ti(Z) of tangent- valued forms is provided with the Frolicher- 
Nijenhuis bracket 

[ , ] FN : O r (Z) ® T X (Z) x S (Z) (g) T X {Z) -> (T +S (Z) ® T^Z), 

^' a] ™ = h^!^i...a p ^< +1 ...a p+ . - <. +1 ...A r+ AC.A r " (1-34) 

r0^ 1 ...A r _ 1 ^A r ^ r+ i...A r+s + <A r+2 ...A r+ A +1 0L.. Ar )^ Al A • • • A ® ^ 
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The following relations hold: 

[0,^] FN = (-1)^W +1 [^,0] FN , (1.35) 
[<M<M]fn]fn = [[<Mfn,#]fn + (-1) I0IW [<M<M]fn]fn- (1.36) 

Given a tangent- valued form 9, the Nijenhuis differential on 0*(Z) ® T\{Z) along # is 
defined as 

d e a = [0,ct]fn- (!- 37 ) 
By virtue of the relation ( |1.36| ), it has the property 
<W, ^]fn = [^V, #]fn + (-1) WW [V, d^] FN . 

In particular, if 6 1 = w is a vector field, the Nijenhuis differential is the Lie derivative of 
tangent- valued forms 

L u ct = d u a = [u, ct]fn = {u v d v a^ Xa - o v Xi x d v u^ + (1.38) 
sa^ X2 x d Xl u u )dx Xl A ■ • • A dx Xs a G £> S (M) <g> T(M). 

Let Y — * X be a fibre bundle. In the sequel, we will deal with the following classes of 
tangent- valued forms on Y: 

• tangent- valued horizontal forms 

(f) : Y -> A T*X ® TY, 
y 

= -^x Ai a ... a dx A " ® [^...^(y)^ + ^...A.d/)^]; 

• vertical-valued horizontal forms 

: Y -> A T*X ® VY, 

Y 

<P = -^...xriyjdx^ A ... A dx K ® di- 

• vertical-valued horizontal one-forms, called soldering forms, 

a = a\(y)dx x ® d^, (1.39) 

• basic vertical-valued horizontal forms 

cf) = Ltf (x)dx Xl A ... A dx Xr ® di 
t\ r 

on an affine bundle which are constant along its fibres. 
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Any tangent valued form <p ( |1.30|) on a manifold Z defines the vertical-valued form 

d 



on the tangent bundle TZ. For instance, the canonical tangent-valued form 9z ( 1.33|) on a 
manifold Z yields the canonical vertical-valued form 

e z = dz x d x (i.4o) 

on the tangent bundle TZ. By this reason, tangent-valued one-forms on a manifold Z are 
also called soldering forms. 

2 Jet manifolds 

Jet manifolds provide the standard language for theory of (non-linear) differential operators, 



the calculus of variations, Lagrangian and Hamiltonian formalisms [13, [L7J 26| |34|. Here 



we restrict our consideration to the notion of jets of sections of fibre bundles. 
A. First order jet manifolds 

Given a fibre bundle Y — > X with bundle coordinates (x x ,y t ), let us consider the 
equivalence classes j^s of its sections s, which are identified by their values s l (x) and the 
values of their first order derivatives d^ l s t (x) at a point x G X. They are called the first order 
jets of sections at x. One can justify that the definition of jets is coordinate- independent. 
The key point is that the set J l Y of first order jets j^s, x G X, is a smooth manifold with 
respect to the adapted coordinates (x x ,y\y x ) such that 

y'l = ^(d»+yidi)y H - (2.1) 

It is called the first order jet manifold of the fibre bundle Y — > X . 
The jet manifold J l Y admits the natural fibrations 

tt 1 : J X Y 3 j x x s kxGI, (2.2) 
4 : J X F 3 j> h- s(x) G K (2.3) 



A glance at the transformation law (2.1) shows that 7Tq is an affine bundle modelled over 
the vector bundle 

T*X ® VY -> Y. (2.4) 



It is convenient to call 7T 1 ( |2.2|) the jet bundle, while 7Tq (|2.3|) is said to be the affine jet 
bundle. 
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Let us note that, if Y — > X is a vector or an affine bundle, the jet bundle 71*1 (p.2|) is so. 
Jets can be expressed in terms of familiar tangent-valued forms as follows. There are 
the canonical imbeddings 

Aj : J l Y ^ T*X ® TY, X 1 = dx x <g> (<9 A + yfa) = dx x ® d x , (2.5) 
6 1 : J l Y ^ T*Y ® KF, ^ = (dy* - yirfx A ) <g> $ = 0* ® (2.6) 

where are said to be total derivatives, and 8 l are called contact forms. Identifying the 
jet manifold J X Y to its images under the canonical morphisms ( |2.5| ) and ( |2.6| ), one can 
represent jets j^s = (x x , y\ y l ) by tangent-valued forms 

dx x ® (d x + y\di) and (dy* - y\dx x ) ® d t . (2.7) 

Sections and morphisms of fibre bundles admit prolongations to jet manifolds as follows. 
Any section s of a fibre bundle Y — > X has the jet prolongation to the section 

of the jet bundle J X F — > X. A section s of the jet bundle J X Y — > X is called holonomic or 
integrable if it is the jet prolongation of some section of the fibre bundle Y — > X. 

Any bundle morphism $ : K — > K' over a diffeomorphism / admits a jet prolongation 
to a bundle morphism over $ of affine jet bundles 



J 1 * : J*Y — ► J 1 !", y» o J*<6 = -^-d^. 

Any projectable vector field w = u x d\ + M*<9j on a fibre bundle K — ► X has a jet 
prolongation to the projectable vector field 

J x u = n o J x u : J X Y -> J^TY -> TJ X Y, 

J l u = u x d x + u% + (<W - yfau^df, (2.8) 
on the jet manifold J l Y . In order to obtain (|2.8|) , the canonical bundle morphism 

Tx : ji T F - TJ X Y, y\ o n = (f) x - yffl 
is used. In particular, there is the canonical isomorphism 

VJ'Y = J'VY, ij\ = [y%. (2.9) 

B. Second order jet manifolds 

Taking the first order jet manifold of the jet bundle J l Y — > X, we obtain the repeated jet 
manifold J 1 J 1 F provided with the adapted coordinates (x x , y\ y\, yl, yi\), with transition 
functions 

Vx = ~faJ\ d( *y h > y'U = ~d^ day '^ d a = d a + yidj + yl a d$. 
There exist two different affine fibrations of J X J X Y over J l Y: 
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• the familiar affine jet bundle (|2.3|) : 

tth : J 1 J l Y - J l Y, y{oir 11 =y\, (2.10) 

• and the affine bundle 

ji^i . ji jiy _ jiy ? ^oJ^=f A . (2.11) 

In general, there is no canonical identification of these fibrations. The points g G J 1 / 1 !^, 
where 7Tn(g) = J 1 ^^), form the affine subbundle J 2 Y — > J 1 !" of J 1 J 1 !^ called the sesqui- 
holonomic jet manifold. It is given by the coordinate conditions y\ = y\, and is coordinated 
by (x x ,y\y\,y i flX ). 

The second order jet manifold J 2 Y of a fibre bundle Y — > X can be defined as the affine 
subbundle of the fibre bundle J 2 Y — > J l Y given by the coordinate conditions y\ = y l ^ x . 
It is coordinated by (x A , y\ y\, y\„ = yix)- The second order jet manifold J 2 Y can also be 
introduced as the set of the equivalence classes j 2 s of sections s of the fibre bundle Y — > X, 
which are identified by their values and the values of their first and second order partial 
derivatives at points x G X, i.e., 

Let s be a section of a fibre bundle Y — > X, and let J x s be its jet prolongation to 
a section of the jet bundle — > X. The latter gives rise to the section J 1 J 1 s of the 
repeated jet bundle J X J X Y — > X. This section takes its values into the second order jet 
manifold J 2 F . It is called the second order jet prolongation of the section s, and is denoted 
by J 2 s. 

Proposition 2.1. Let s be a section of the jet bundle J X Y — > X, and let J x s be its jet 
prolongation to the section of the repeated jet bundle J x J X Y — > X. The following three 
facts are equivalent: (i) s = J x s where s is a section of the fibre bundle Y — > X, (ii) J 1 ! 
takes its values into J 2 Y, (iii) J x s takes its values into J 2 Y. □ 

C. Higher order jet manifolds 

The notion of first and second order jet manifolds is naturally extended to higher order 
jets (see Lecture 6 for a detailed exposition). The r-order jet manifold J r Y of a fibre bundle 
Y — > X is defined as the disjoint union of the equivalence classes j r x s of sections s of Y — > X 
identified by the r + 1 terms of their Taylor series at points of X. It is a smooth manifold 
endowed with the adapted coordinates (x x ,y l A ), <| A |< r, where A = (A& . . . Ai) denotes 
a multi-index modulo permutations and 

y\ k -xM s )=dx k ---d Xl s l (x), 0<k<r. 
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The transformation law of these coordinates reads 

V'\ + K = Q^d^, (2.12) 
where A + A = (AA fc . . . Ai) and 

d x = d x + Y.y\ + Kdt = d x + y\d l + y\^ + --- 

|A|<r 

are higher order total derivatives. These derivatives act on exterior forms on J r Y and obey 
the relations 

d x ((p A a) = d x {(t>) A a + A d x (a), d x (d(f)) = d(d x ((f))) . 

For instance, 

d x (dx») = 0, d x {dy\) = dy{ +A . 

Let us also mention the following two operations: the horizontal projection ho given by 
the relations 

h (dx x ) = dx\ h (dy\ k ...J = yi Xk ... Xl dx», (2.13) 

and the horizontal differential 

d H {<f>) = dx x Ad x ((f>), (2.14) 
du o du = 0, ho o d = du ° h . 

D. Differential equations and differential operators 

Let us now formulate the notions of a (non-linear) differential equation and a differential 
operator in terms of jets. 

Definition 2.2. A A;-order differential equation on a fibre bundle Y — > X is defined as a 
closed subbundle (£ of the jet bundle J k Y — > X. Its classical solution is a (local) section s 
of y — > X whose /c-order jet prolongation J fc s lives in □ 

One usually considers differential equations associated to differential operators. 

Definition 2.3. Let 22 — > X be a vector bundle coordinated by (x x ,v A ), A = 1, . . . ,m. 
A bundle morphism 

S:J k Y ^E, v A oS = S A (x x , y\ y{, . . . , y{ k ... x ), (2.15) 
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is called a /c-order differential operator on a fibre bundle Y — > X. It sends each section s 
of Y —>■ X onto the section 

(£ o J k s) A (x) = £ A {x\ s\x), d x s l (x), ...,d Xk --- d Xl s l (x)) 
of the vector bundle E — > X. □ 

Let us suppose that the canonical zero section 0(X) of the vector bundle E — > X belongs 
to the image S(J k Y). Then the kernel operator of a differential operator S is defined as 

Kerf = S-^OiX)) C J k Y. (2.16) 



If Kerf (|2.16 ) is a closed subbundle of the jet bundle J k Y — > X, it is a fc-order differential 



equation, associated to the differential operator 8. It is written in the coordinate form 
S A (x x ,y\y\,...,y\ k ... Xi ) = 0, A=l,...,m. 

3 Connections on fibre bundles 

Connections play a prominent role in classical field theory because they enable one to 
deal with invariantly defined objects. Partial derivatives of sections of fibre bundles (i.e., of 
classical fields) are ill defined. One need connections in order to replace them with covariant 
derivatives. Gauge theory shows clearly that this is a basic physical principle. 

We start from the traditional geometric notion of a connection as a horizontal lift, but 
then follow its equivalent definition as a jet field [H], ^J, |3D], pE2]] . It enables us to include 
connections in an natural way in field dynamics. 

A. Connections as tangent-valued forms 

A connection on a fibre bundle Y — » X is customarily defined as a linear bundle 
monomorphism 

T :Y x TX — > TY, T : x x d x h-> x\d x + r l A (y)^), (3.1) 



which splits the exact sequence ( |1.17a| ), i.e. 



vr T or = Id(FxTX). 

The image HY of Y x TX by a connection V is called the horizontal distribution. It splits 

x 

the tangent bundle TY as 

TY = HY®VY, (3.2) 

^Ao | -io _ -A/a i t« ^ A i /V.i 



19 



By virtue of Theorem [Tj|, a connection on a fibre bundle always exists. 
A connection T fl3.1| ) defines the horizontal tangent-valued one-form 

r = dx x ® (d x + r\di) (3.3) 

on Y such that r(<9\) = d\\T . Conversely, every horizontal tangent- valued one-form on a 
fibre bundle Y — > X which projects onto the canonical tangent-valued form #x ( |1.33|) on 
X defines a connection on K — > X. 

In an equivalent way, the horizontal splitting ( |3.2| ) is given by the vertical-valued form 

T = (dy i - T\dx x ) ® di, (3.4) 

which determines the epimorphism 

r : TY 3 x x d x + y% -> (x A <9 A + y^jT = (f - x x r x )d t G VY. 

Given a connection T, a vector field «ona fibre bundle Y — > X is called horizontal if it 
lives in the horizontal distribution HY, i.e., takes the form 

u = u x (y)(d x + T i x (y)d i ). (3.5) 

Any vector field r on the base X of a fibre bundle Y — ► X admits the horizontal lift 

rr = rjr = r A (9 A + r^) (3.6) 

onto Y by means of a connection T ( |3.3| ) on Y —>■ X. 

Given the splitting Q3.1D , the dual splitting of the exact sequence (|1.17b|) is 

T : V*Y 3 dy* ^ Tjdy* = dy l - Y\dx x G T*Y, (3.7) 

where T is the vertical- valued form Q3.4|) . 

B. Connections as jet fields 

There is one-to-one correspondence between the connections on a fibre bundle Y — > X 
and the jet fields, i.e., global sections of the affine jet bundle J l Y — > Y §V7\, p^| . Indeed, 
given a global section T of J 1 !^ — F, the tangent-valued form 

Ai o r = dx x ® (9 A + r A <9i) 



provides the horizontal splitting (|3.2| ) of TF. Accordingly, the vertical-valued form 

e l o r = (dj/* - r\da; A ) ® ^ 



leads to the dual splitting 

It follows immediately from this definition that connections on a fibre bundle Y — >• X 
constitute an affine space modelled over the vector space of soldering forms a ( |1.39| ). One 
also deduces from (12. If) the coordinate transformation law of connections 



The following are two standard constructions of new connections from old ones. 



20 



• Let Y and Y' be fibre bundles over the same base X. Given a connection T on 

Y — > X and a connection r' on F' ^ X, the fibred product Y x Y' is provided with 

x 

the product connection 

rxr' = ^®(9 A + riA + r'iA). (3.8) 

• Given a fibre bundle K — > X, let / : X' — > X be a manifold morphism and f*Y 
the pull-back of K over X'. Any connection T (|3.4j) on Y — > X yields the pull-back 
connection 

• df x 

rr = (dy* - r x (nx>n,y j )^dx'n ® $ (3.9) 

on the pull-back fibre bundle f*Y —>■ X'. 

The key point for physical applications lies in the fact that every connection T on a fibre 
bundle Y — > X yields the first order differential operator 



) r : j 1 : 

D r = \ 1 -Ton 1 = (y\-r x )dx x ®d i 



D r : J l Y -> T*X ® VY, (3.10) 

Y Y 



called the covariant differential relative to the connection T. If s : X — > K is a section, one 
defines its covariant differential 

V r s = D v o = (dxs 1 -Y\o s)dx x ® 9, (3.11) 

and its covariant derivative 

V^s = rjV r s (3.12) 

along a vector field r on X. A (local) section s of Y — > X is said to be an integral section 
of a connection T (or parallel with respect to T) if s obeys the equivalent conditions 

V r s = or J 1 s = ro S . (3.13) 

Furthermore, if s : X — > Y is a global section, there exists a connection T such that s is 
an integral section of T. This connection is defined as an extension of the local section 
s(x) t— > J x s(x) of the affine jet bundle J l Y — > K over the closed imbedded submanifold 
s(X) C K in accordance with Theorem O. 

C. Curvature and torsion 
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Let T be a connection on a fibre bundle Y — > X . Given vector fields r, r' on X and 
their horizontal lifts Tt and IV Q3.6|) on Y, let us compute the vertical vector field 



R(t, t') = r[r, r'] - [Tt, Tt'] = rVj^ft, (3.14) 

R\» = ^r; - d,v\ + rforj - r^p A . (3.15) 

It can be seen as the contraction of vector fields r and r' with the vertical- valued horizontal 
two-form 

R=)^R\^dx x Adx^ ®di (3.16) 



on Y, called the curvature of the connection T. In an equivalent way, the curvature ( |3.16|) 
is defined as the Nijenhuis differential 

r= ld r r = i[r,r] FN : y -> Xt*x® vy. (3.17) 



Then we at once obtain from ( |1.35| ) - ( 1.36|) the identities 



[R,R] F k = 0, (3.18) 
d r R=[T,R] FN = 0. (3.19) 

Given a soldering form o (|1.39|) on Y — > X, one defines the soldered curvature 



P = \d a a = - [a, a] FN : Y -> A T*X ® VY, (3.20) 



2 u 2' 
1 

2' 



which fulfils the identities 

[p, p] FN = 0, d a p = [a, p] F N = 0. 

Given a connection T and a soldering form a, the torsion of F with respect to a is 
defined as 

T = d r a = d a T : Y -> A T*X ® VY, 

T = (a A <r* + T^^a; - d j T i x ai)dx x A dx" ® (3.21) 

In particular, if T' = T + cr, we have the important relations 

T' = T + 2p, (3.22) 
R' = R + p + T. (3.23) 

D. Linear connections 
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Any vector bundle Y — > X admits a linear connection. This is defined as a section of 
the afhne jet bundle J Y — > Y which is a linear morphism of vector bundles over X. A linear 
connection is given by the tangent-valued form 

T = dx x ®(d x + T x l j (x)y 1 d i ). (3.24) 

There are the following standard constructions of new linear connections from old ones. 

• Let Y — > X be a vector bundle, coordinated by (x x ,y t ), and Y* — > X its dual, 
coordinated by (x x ,yi). Any linear connection T ( |3.24| ) on the vector bundle Y — > X 
defines the dual linear connection 

T* = dx x ® (d x - Vx'.Ujyjir ) (3.25) 

on Y* -> X. 

• Let T and T' be, respectively, linear connections on vector bundles Y — > X and 
Y' — > X over the same base X. The direct sum connection r © V on the Whitney 
sum Y © Y' of these vector bundles is defined as the product connection (|3.8| ). 



Let Y coordinated by (x x ,y l ) and Y' coordinated by (x x ,y a ) be vector bundles over 
the same base X. Their tensor product Y ®Y' is endowed with the bundle coordinates 
(x x ,y ta ). Any linear connections T and r" on Y — > X and Y' — > X define the linear 
tensor product connection 

r © r = dx A © [9 A + (r A >^ a + r' A <v b )^-] (3.26) 

on y <g> Y' X. 



The curvature of a linear connection T (|3.24 ) on a vector bundle Y — ► X is usually 
written as a F-valued two-form 

-R = ^-RA M *j(x)y i (i2; A A dx* <S) ei, 

Rx/ij — 9\T ^ j — dfjT\ j + Tx h jV l /h — r M (3.27) 



due to the canonical vertical splitting ( |1.15| ), where {di} = {ei}. For any two vector fields 



t and t' on X, this curvature yields the 0-order differential operator 

R(r,r')os = (^ Ty] -[V r T ,V r T ,])s (3.28) 
on section s of the vector bundle Y — > X. 
E. World connections 
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An important example of linear connections is a connection 

K = dx x ® (d x + K^ v x v d^) (3.29) 

on the tangent bundle TX of a manifold X. It is called a world connection or, simply, a 
connection on a manifold X. The dual connection (|3.25| ) on the cotangent bundle T*X is 

K* = dx x ® (d x - K x » u x„d u ). (3.30) 

Then, using the tensor product connection ( |3.26|) , one can introduce the corresponding 
linear connection on an arbitrary tensor bundle ( |1.13| ). 

A world connection fl3.29| ) is called symmetric if x = K x ' M . Of course, this property 
is coordinate- independent. Let us note that, given a world connection K ( |3.29| ), the tangent- 
valued form 

K r = dx x ®(d x + (rK x » u + (l-r)K/ x )x v d^) } < r < 1, (3.31) 

is also a world connection. For instance, Ki/ 2 is a symmetric connection, called the sym- 
metric part of the connection K. 

Remark 3.1. It should be emphasized that the expressions ( |3.29D - ( |3.3Q ) for a world connection 
differ in a minus sign from those usually used in the physics literature. • 

Due to the canonical vertical splitting 

VTX = TX x TX, (3.32) 

the curvature of a world connection K ( |3.29|) on the tangent bundle TX can be written as 
the TX- valued two-form (|3.27| ) on X: 

R = -R Xlx a p ± p dx x A dx" ® d a , 

Rxfp = d x K« p - d,K x % + K X ^K,% - K^ p K x a T (3.33) 

Its Ricci tensor R X p = is introduced. 

A torsion of a world connection is defined as the torsion ( |3.21| ) of the connection V ( |3.29p 
on the tangent bundle TX with respect to the canonical vertical- valued form 9x ( |1.40| ). 
Due to the vertical splitting ( |3.32| ), it is also written as a tangent- valued two- form 

T = \T^ x dx x A dx 11 ® d v , (3.34) 



2 

Tfj, x = ' x — K x /U , 



on X. A world connection is symmetric if and only if its torsion ( |3.34j ) vanishes. 

For instance, every manifold X can be provided with a non-degenerate fibre metric 

gEVO^X), g = g x ^dx x ®dx fl , 
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in the tangent bundle TX, and with the dual metric 

g e\zT\x), g = g^d X ®d, 

in the cotangent bundle T*X. It is called a world metric on X. For any world metric g, 
there exists a unique symmetric world connection 

= { A %} = -^g" p (dxgpf, + d^gpx - d p g Xil ) (3.35) 

such that g is an integral section of K, i.e. 

V x g aP = d x g^ - g a Hx%} - 9^{x%} = 0. 
This is the Levi-Civita connection, and its components ( |3.35| ) are called Christoffel symbols. 

F. AfRne connections 

Any afhne bundle Y — > X modelled over a vector bundle Y — > X admits an affine 
connection. This is defined as a section of the affine jet bundle J X Y — > Y which is an affine 
morphism of affine bundles over X. An affine connection is given by the tangent-valued 
form 

I\ = r x i j (x)y* + cr\(x). (3.36) 

For any affine connection r : Y — > J X Y ( |3.36| ), the corresponding linear derivative r : Y — > 
J l Y ( l.llf) defines a unique linear connection 



T x = T x i j {x)f, (3.37) 

on the vector bundle Y — > X, where (x x ,y l ) are the associated linear bundle coordinates 
on Y. 

Of course, since every vector bundle has a natural structure of an affine bundle, any 
linear connection on a vector bundle is also an affine connection. 

Affine connections on an affine bundle Y — > X constitute an affine space modelled over 
basic soldering forms on Y — > X. In view of the vertical splitting (|1.14 ), these soldering 



forms can be seen as global sections of the vector bundle T*X <g> Y — > X . If Y ^ X is 
a vector bundle, both the affine connection T (|3.36|) and the associated linear connection 



T are connections on the same vector bundle Y — > X, and their difference is also a basic 
soldering form on Y. Thus, every affine connection on a vector bundle Y — > X is the sum 
r = T + a of a linear connection G and a basic soldering form a on Y — > X. Furthermore, 
let R and R be the curvatures of an affine connection T and the associated linear connection 
r, respectively. It is readily observed that R = R + T, where the Vl^-valued two-form 

T = d-pcr = d a T : X — ► A T*X ® VY, 

x 

T = ^T l Xfl dx x A dx» ® d u (3.38) 
= dxa; - dpoi + a h x v; h - <jfi x \, 
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is the torsion ( |3.21|) of the connection F with respect to the basic soldering form a. 

In particular, let us consider the tangent bundle TX of a manifold X and the canonical 
soldering form a = Ox (|1.40| ) on TX. Given an arbitrary world connection T (|3.29| ) on TX, 
the corresponding affine connection 



A = T + 9 



X; 



IW 



(3.39) 



on TX is called the Cartan connection. Since the soldered curvature p ( |3.20| ) of 9 X equals 
to zero, the torsion (|3.22|) of the Cartan connection coincides with the torsion T ( |3.34| ) of 



the world connection T, while its curvature (|3.23 ) is the sum R + T of the curvature and 
the torsion of T. 



G. Composite connections 



Let us consider a composite fibre bundle Y — > £ — > X ( |1.18| ), coordinated by (x 
We aim studying the relations between connections on fibre bundles Y — > X, Y ■ 
£ — > X. These connections are given respectively by the tangent-valued forms 



7 = 
As 



dx x ®{dx + ^d m + 1 \d l ), 
= dx x ® (d x + A\d t ) + do m ® (d m + A^di), 



r = dx x ® {d x + r^d v 



• & i y ) ■ 

-> S and 



(3.40) 
(3.41) 
(3.42) 



A connection 7 (|3.4C ) on the fibre bundle Y — > X is said to be projectable over a 
connection T ( J3.42[ ) on the fibre bundle S — > X if , for any vector field r on X, its horizontal 
lift 7T on F by means of the connection 7 is a projectable vector field over the horizontal 
lift Tt of r on S by means of the connection T. This property takes place if and only if 
7™ = T™, i.e., components 7™ of the connection 7 (|3.40j ) must be independent of the fibre 
coordinates y\ 

A connection A-% ( 3.41|) on the fibre bundle Y —>■ S and a connection T ( 3.42j) on the 
fibre bundle S — > X define a connection on the composite fibre bundle F X as the 
composition of bundle morphisms 



7 : y x TX 

x 



(id,n 



y x TS 

E 



This composite connection reads 

1 = dx x ® (dx + v™d m + (4 + jODQO- 



(3.43) 



It is projectable over V. Moreover, this is a unique connection such that the horizontal lift 
7r on y of a vector field r on X by means of the composite connection 7 ( |3.43|) coincides 
with the composition A^(Tt) of horizontal lifts of r on E by means of the connection T and 
then on Y by means of the connection A^. For the sake of brevity, let us write 7 = A^, o V . 
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Given a composite fibre bundle Y (|1.18| ), there are the exact sequences 

y s Y <^-> VY ^Y x VTj — > 0, (3.44) 

o -> y x y*s y*y -> y s *y -> o (3.45) 

of vector bundles over Y, where V^Y and V£Y are the vertical tangent and the vertical 
cotangent bundles of the fibre bundle Y — > £ which are coordinated by (x A , cr m , y\ and 
(x x , a m , y\ yi) , respectively. Let us consider a splitting of these exact sequences 

B : VY 3 y% + & m d m -> (jfa + a m «9 m )J S = (3.46) 

(y l - cTB^di e_y 2 y,_ 

5 : y s *y 3 dy l -> Sjcfy* = dy* - ^Sa" 1 G U*Y, (3.47) 
given by the form 

B = [dy 1 - B i m da m ) ® (3.48) 
Then a connection 7 ( 3.40|) on y — > X and a splitting B ( |3.46 ) define the connection 

a e = b o 7 : ry -> y y -> y E y 

A s = dx A <g> (9 A + (7* - 5^)90 + da m ® (<9 m + £^), (3.49) 

on the fibre bundle Y — > S. 

Conversely, every connection As ( 3.41|) on the fibre bundle Y — > £ provides the splitting 

a s : ry d yy 9 ^ + & m d m -> - 4^)9, (3.50) 

of the exact sequence ( 3.44Q . Using this splitting, one can construct the first order differ- 
ential operator 

D : J l Y ^T*X®y E y Z) = cfe A ® (y\ — A\ — A i m a x n )di, (3.51) 

called the vertical covariant differential, on the composite fibre bundle Y — > X. It can also 
be defined as the composition 

d = pr, o : j x y -> t*x ® yy -> t*x ® yy s , 

y y 

where D 1 is the covariant differential ( |3.10| ) relative to some composite connection A-^ o F 
( |3.43p , but D does not depend on the choice of the connection Y on the fibre bundle £ — > X. 

The vertical covariant differential ( |3.51| ) possesses the following important property. Let 
h be a section of the fibre bundle X — > X and Y^ — > X the restriction ( 1.21|) of the fibre 
bundle y — > S to /t(X) C S. This is a subbundle ^ : Y^ y of the fibre bundle Y — > X. 
Every connection A^ (|3.41|) induces the pull-back connection 

A h = i* h A E = dx x [d x + ((A l m o h)d x h m + (A o hYJdi) (3.52) 

on Y/j — > X. Then the restriction of the vertical covariant differential D ( J3.51|) to J 1 i^( J 1 y i ) C 
J 1 y coincides with the familiar covariant differential D Ah ( p.lOj ) on Y^ relative to the pull- 
back connection Ah ( p.52j ). 
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4 Lagrangian field theory 



Let us apply the above mathematical formalism to formulation of Lagrangian field theory 
on fibre bundles. Here, we restrict our consideration to first order Lagrangian formalism 
since the most contemporary field models are of this type. 

The configuration space of first order Lagrangian field theory on a fibre bundle Y — > X, 
coordinated by (x x ,y l ,y\), is the first order jet manifold J X Y otY — > X, coordinated by 
(x x , y % , y\) . Accordingly, a first order Lagrangian is defined as a density 

L = C(x\ y\ y\)uj : J l Y ^ A T*X, n = dimX, (4.1) 

on J l Y (see the notation ( |1.25| )). Let us follow the standard formulation of the variational 
problem on fibre bundles where deformations of sections of a fibre bundle Y — > X are 
induced by local one-parameter groups of automorphisms of Y — > X over X (i.e., vertical 
gauge transformations). Here, we will not study the calculus of variations in depth, but 
apply in a straightforward manner the first variational formula. 

Since a projectable vector field u on a fibre bundle Y — > X is an infinitesimal generator 
of a local one-parameter group of gauge transformations of Y — > X, one can think of its jet 
prolongation J l u ( |2.8|) as being the infinitesimal generator of gauge transformations of the 
configuration space J l Y . Let 

Lji u L = [d x u x C + (u x d x + u% + (dxu* - y l ^)d x )C}iu (4.2) 

be the Lie derivative of a Lagrangian L along J x u. The first variational formula provides its 
canonical decomposition in accordance with the variational problem. This decomposition 
reads 

Lji u L = u v \£ L + d H h (u\H L ) (4.3) 
= (u* - yXM ~ dxd x )£cu - d x [n x (u% - u l ) - u x £]lu, 

where uy = (u\9 % )di, 

S L : J 2 Y -> T*Y A (A T*X), 

£ L = {d i £-d X Tt x )e i Au, n x = d x £, (4.4) 
is the Euler-Lagrange operator associated to the Lagrangian L, and 

n— 1 

H L : J X Y -f Z Y = T*Y A ( A T*X), (4.5) 
H L = L + ti^ Au>\ = ^dy 1 A u x + (£ - ir x y{)uj, (4.6) 

is the Poincare-Cartan form (see the notation (|1.25|) , ( |2.13| ) and (|2.14j) ). 

The kernel of the Euler-Lagrange operator Sl Q4.4j) defines the system of second order 
Euler-Lagrange equations, given by the coordinate equalities 

ft - d x d x )C = 0, (4.7) 
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A solution of these equations is a section s of the fibre bundle X — » Y , whose second order 
jet prolongation J 2 s lives in ( [4.7| ), i.e., 

9;£o S - (9 A + d x s j d j + <9 a <V j g^£ o S = 0. (4.8) 

Remark 4.1. The kernel ( |4.7| ) of the Euler-Lagrange operator Sl need not be a closed 
subbundle of the second order jet bundle J 2 Y — > X. Therefore, it may happen that the Euler- 
Lagrange equations are not differential equations in a strict sense. • 

Remark 4.2. Different Lagrangians L and L' can lead to the same Euler-Lagrange operator if 
their difference Lq = L — L' is a variationally trivial Lagrangian, whose Euler-Lagrange operator 
vanishes identically. A Lagrangian Lq is variationally trivial if and only if 

L Q = h (<p) (4.9) 

where ip is a closed ra-form on Y (see Lecture 8). We have at least locally p = d£, and then 

U = h (dO = d H (h (O) = d x h (O X uj, MO = MOW 



The Poincare-Cartan form Hl Q4.6D is a particular Lepagean equivalent of a Lagrangian 



L (i.e., ho(Hi) = L). In contrast with other Lepagean forms, it is a horizontal form on 
the affine jet bundle J l Y — > K. The fibre bundle (|4.5|) , called the homogeneous Legen- 
dre bundle, is endowed with holonomic coordinates (x x ,y\p x ,p), possessing the transition 
functions 



,A ,dx £ dy j dx' x , A , ( dx £ dy j dy' 1 



Relative to these coordinates, the morphism (O) reads 

(pi,P) °H L = (vrf , C - vrf^). 
A glance at the transition functions ( |4.10| ) shows that Zy is a one- dimensional affine bundle 

7r zn :Z Y ^U (4.11) 
over the Legendre bundle 

n = AT*X(g)V*Y ®TX = l/*FA( n A 1 T*X), (4.12) 

Y Y Y Y y ' 

endowed with holonomic coordinates (x x ,y l ,p x ). Then the composition 

L = ir zn o H L : J l Y ^ LT, (x\ y\ p x ) o L = (x A , <A tt*), (4.13) 
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is the well-known Legendre map. One can think of p x as being the covariant momenta 
of field functions, and the Legendre bundle II ( 4.12|) plays the role of a finite-dimensional 



momentum phase space of fields in the covariant Hamiltonian field theory |17, [Tj| |3£ 

The first variational formula ( (4.3| ) provides the standard procedure for the study of 

differential conservation laws in Lagrangian field theory as follows. 

Let u be a projectable vector field on a fibre bundle Y — > X treated as the infinitesimal 

generator of a local one-parameter group G u of gauge transformations. On-shell, i.e., on 

the kernel fl4.7|) of the Euler-Lagrange operator Sl, the first variational formula Q4.3|) leads 

to the weak identity 

Lji u L « -d x Z x uj, (4.14) 

where 

X = XV> A , % x = tc x (u%-u 1 ) -u x C, (4.15) 

is the symmetry current along the vector field u. Let a Lagrangian L be invariant under 
the gauge group G u . This implies that the Lie derivative Lji u L ( |4.2|) vanishes. Then we 
obtain the weak conservation law 

d x 1 x « (4.16) 

of the symmetry current T ( 4.15Q . 



Remark 4.3. It should be emphasized that, the first variational formula defines the symmetry 
current ( [4.15 ) modulo the terms d fJi (cf X (yl,u u — u 1 )), where c^ X are arbitrary skew-symmetric func- 



tions on Y [ IT | . Here, we set aside these boundary terms which are independent of a Lagrangian. 



The weak conservation law ([4.16Q leads to the differential conservation law 

d A (X A o S ) = (4.17) 
on solutions of the Euler-Lagrange equations ([4.8|) . It implies the integral conservation law 

s*X = 0, (4.18) 



dN 

where N is a compact n-dimensional submanifold of X with the boundary dN. 
Remark 4.4. In gauge theory, a symmetry current X ( [4.15 ) takes the form 



X = W + d H U = (W x + d^U^ux, (4.19) 
where the term W depends only on the variational derivatives 

SiC = (8i - d x d x )C, (4.20) 
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i.e., W « and 



U = U^Uftx : J l Y -► n i\T*X 

is a horizontal (n — 2)-form on J 1 !^ — > X. Then one says that % reduces to the superpotential 
U [14, 17, 39 1 . On-shell, such a symmetry current reduces to a <i#-exact form (4.19). Then the 
differential conservation law ( 4.17 ) and the integral conservation law ( [4.18 ) become tautological. 
At the same time, the superpotential form ( [4.19 ) of % implies the following integral relation 



s*%= J s*U, (4.21) 
N n-i ajv"- 1 

where A^ n_1 is a compact oriented (n — 1) -dimensional submanifold of X with the boundary 
^jyn-i Q ne can think of this relation as being a part of the Euler-Lagrange equations written 
in an integral form. • 



Remark 4.5. Let us consider conservation laws in the case of gauge transformations which pre- 
serve the Euler-Lagrange operator El, but not necessarily a Lagrangian L. Let u be a projectable 
vector field on Y — > X, which is the infinitesimal generator of a local one-parameter group of such 
transformations, i.e., 

Lj2 n £,L = 0, 

where J 2 u is the second order jet prolongation of the vector field u. There is the useful relation 

Lj2 u £ L = £ LjluL (4.22) 

[17]. Then, in accordance with (|4.9|) , we have locally 

L Jlu L = d x h (0 X oj. (4.23) 

In this case, the weak identity ( 4.1 4j ) reads 

0^d x (h (O x -T A ), (4.24) 

where % is the symmetry current ( 4. 15| ) along the vector field u. • 



Remark 4.6. Background fields, which do not live in the dynamic shell ( [4.7[ ), violate conser- 
vation laws as follows. Let us consider the product 



Ytc 



YxY' 

x 



(4.25) 



of a fibre bundle Y, coordinated by (x A , y l ), whose sections are dynamic fields and of a fibre bundle 
Y', coordinated by (x x ,y A ), whose sections are background fields which take the background values 



V 



r(x), yf = d x ^{x) 
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A Lagrangian L of dynamic and background fields is denned on the total configuration space 
J l Y to t. Let u be a projectable vector field on Y tot which also projects onto Y' because gauge 
transformations of background fields do not depend on dynamic fields. This vector field takes the 
coordinate form 

u = u x {x»)d x + u A (x», y B )8 A + u i (x^y B ,y j )d i . (4.26) 

Substitution of u ( |4.26| ) in the formula Q4.3| ) leads to the first variational formula in the presence 
of background fields: 

d x u x C + [u x d x + u A 8 A + u% + (d x u A - y A d x u»)d\ + (4.27) 
(d x u l - y^d x u»)d x ]C = (u A - y A u x )d A C + n A d x (u A - y A u») + 
(u* - y\u x )8iC - d x [4(u% - u l ) - u x C}. 

Then the weak identity 

d x u x C + [u x d x + u A d A + u% + (d x u A - y A d x u»)d x A + 

(d x u l - y^d x u»)d x ]C w (u A - y A u x )d A C + n A d x (u A - y A u») - 
d x [K X (u%-u l )-u x £] 

holds on the shell 04.71 ) . If a total Lagrangian L is invariant under gauge transformations of Itot j 
we obtain the weak identity 

(u A - y A u»)d A C + Tr A d x (u A - y A u») « d x % x , (4.28) 

which is the transformation law of the symmetry current X in the presence of background fields. 



5 Gauge theory of principal connections 

The reader is referred, e.g., to |23| for the standard exposition of geometry of principal 



bundles and to |TTJ for the customary geometric formulation of gauge theory. Here, gauge 
theory of principal connections is phrased in terms of jet manifolds on the same footing as 



other Lagrangian field theories on fibre bundles [17|, |30 
A. Principal bundles 

Let Tip : P — > X be a principal bundle with a real structure Lie group G of finite non- 
zero dimension. For the sake of brevity, we call P a principal G-bundle. By definition, a 
principal bundle P — > X is provided with the free transitive right action 

R G :PxG^P, (5.1) 
x 

Rg-.pt-^pg, pe P, g eG, 
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of its structure group G on P. It follows that the typical fibre of a principal G-bundle is 
isomorphic to the group space of G, and that P/G = X. The structure group G acts on 
the typical fibre by left multiplications which do not preserve the group structure of G. 
Therefore, the typical fibre of a principal bundle is only a group space, but not a group 
(cf. the group bundle P G ( |5.47|) below). Since the left action of transition functions on 
the typical fibre G commutes with its right multiplications, a principal bundle admits the 
global right action fl5.1| ) of the structure group. 



A principal G-bundle P is equipped with a bundle atlas 

*P = {(U a ,l£, Paf} )}, (5.2) 
whose trivialization morphisms 

obey the equivariance condition 

(pr 2 °V£)(P0) = (pr 2 °O(p)0, VgeG, VpEn P \U a ). (5.3) 

Due to this property, every trivialization morphism ijj^ determines a unique local section 
z a of P over U a such that 

pr 2 o^foz a = 1, 

where 1 is the unit element of G. The transformation rules for z a read 

zp(x) = z a {x)p a p{x), x £ U a n Up, (5.4) 



where p a p{x) are G- valued transition functions ( |1.6|) of the atlas \l/p. Conversely, the 
family {(U a ,z a )} of local sections of P with the transition functions ( |5.4j ) determines a 
unique bundle atlas of P. 

In particular, it follows that only trivial principal bundles have global sections. 

Let us note that the pull-back of a principal bundle is also a principal bundle with the 
same structure group. 

The quotient of the tangent bundle TP — > P and that of the vertical tangent bundle 
VP of P by the tangent prolongation TR G of the canonical action R G Q5.1Q are vector 
bundles 

T G P = TP/G, V G P = VP/G (5.5) 

over X. Sections of T G P — > X are naturally identified with G-invariant vector fields on P, 
while those of V G P — * X are G-invariant vertical vector fields on P. Accordingly, the Lie 
bracket of G- invariant vector fields on P goes to the quotients ( |5.5|) , and induces the Lie 
brackets of their sections. Let us write these brackets in an explicit form. 

Owing to the equivariance condition ( |5.3|) , any bundle atlas (|5.2j ) of P yields the as- 
sociated bundle atlases {U a ,Tx(j^/G)} of T G P and {U a , Vip^/G)} of V G P. Given a basis 
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{e p } for the right Lie algebra g r , let {d\,e p } and { e p} ; where e p = (ip^/G)' 1 ^^, be the 
corresponding local fibre bases for the vector bundles TqP and VqP, respectively. Relative 
to these bases, the Lie bracket of sections 

of the vector bundle TqP — > X reads 

[£, = (^9^ - rfd^dx + (edxV r - V X dxC + c^VK- (5.6) 
Putting £ A = and rf = 0, we obtain the Lie bracket 

lLv} = c; q ev q e r (5.7) 

of sections of the vector bundle Vq — > P. 

A glance at the expression (5.7) shows that VqP — > X is a finite-dimensional Lie algebra 
bundle, whose typical fibre is the right Lie algebra g r of the group G. The structure group 
G acts on this typical fibre by the adjoint representation. In the physical literature, VqP is 
often called the gauge algebra bundle because, if the base X is compact, a suitable Sobolev 
completion of the space of sections of VqP — > X is the Lie algebra of the gauge Lie group. 

Let J l P be the first order jet manifold of a principal G-bundle P — > X. Its quotient 

C = J x PjG (5.8) 



by the jet prolongation of the canonical action Rq ( |5.1|) is a fibre bundle over X. Bearing 
in mind the canonical imbedding 

Ai : J X P -> T*X ® TP 

an d passing to the quotient by G, we obtain the corresponding canonical imbedding 
A c : C -> T*X ® T G P (5.9) 



of the fibre bundle C ( p.8|) . It follows that C is an affine bundle modelled over the vector 
bundle 

C = T*X ® V G P -> X. (5.10) 

Given a bundle atlas of P and the associated bundle atlas of V^-P, the affine bundle C 
is provided with affine bundle coordinates (x x ,a q x ), and its elements are represented by 
T^P-valued one-forms 

a = dx x <g> (d\ + a\e q ) (5.11) 



on X. One calls C (|5.8|) the connection bundle because its sections are naturally identified 
with principal connections on the principal bundle P — >• X as follows. 
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B. Principal connections 



In the case of a principal bundle P — > X, the exact sequence ( |1.17a[ ) reduces to the 
exact sequence 

0^ V G P ^T G P^TX^0 (5.12) 



X by taking the quotient with respect to the right action of the group G. The exact 
mce of vector bundles (|5.12| ) yields the exact sequence of the structure modules of their 



over 

sequence of vector 
sections 

-> V G P(X) ^T G P(X) — >7i(X) - 0. (5.13) 

Principal connections split these exact sequences as follows. 

A principal connection A on a principal bundle P — > X is defined as a global section A 
of the affine jet bundle <PP — > P which is equivariant under the right action (|5.1f) of the 
group G on P, i.e., 

J l R g o A = A o R g , VgeG. (5.14) 

Due to this equivariance condition, there is one-to-one correspondence between the principal 
connections on a principal bundle P — > X and the global sections of the affine bundle 
C — > X (|5.8D. In view of the imbedding (|5.9p, a principal connection splits the exact 
sequence ( |5.12|) , and is represented by a T G P- valued form 



A = dx <8> (9 A + ^aOK) (5.15) 

on X. Since the connection bundle C — > X is affine, principal connections on a principal 
bundle always exist. 

Hereafter, we agree to identify gauge potentials in gauge theory on a principal G-bundle 
P to global sections of the connection bundle C — > X (|5.8|) . 

Remark 5.1. Let us relate the T^P-valued connection form (5.15) with the familiar connection 



form on P and the local connection form on X, associated to a principal connection in [23]. Let us 
first recall that, since the tangent bundle of a Lie group admits the canonical trivialization along 
left-invariant vector fields, the vertical tangent bundle VP —* P of a principal bundle P — > X also 
possesses the canonical trivialization 

a : VP P x Q t 

such that a~ 1 (e m ) are the familiar fundamental vector fields on P corresponding to the basis 
elements e m of the left Lie algebra Qi of the Lie group G. Let a principal connection on a principal 
bundle P — > X be represented by the vertical- valued form A (|3.4|). Then 

1 : P T*P g> FP ^ T*P ® g ; (5.16) 
p 
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is the above mentioned g^-valued connection form on the principal bundle P. Given a trivialization 
chart (U^,ip^ , z^) of P, this form reads 

A = ^*(0 l -Aldx x ®e q ), (5.17) 

where 61 is the canonical ^-valued one-form on G and A p ^ are equivariant functions on P such 
that 

Al(pg)e q = Al(p)Kdg-\e q ). 

The pull-back Aq = z^A of the connection form A onto is the above-mentioned 0^-valued local 
connection one-form 

A c = -A q x dx x <g> e q = A\dx x <S> e q (5.18) 
on X, where A\ = A q x o zq are coefficients of the form ( p. 15 ). We have A^ = ip^A., where 



A = A - 6 X = A\dx x (g> e q (5.19) 



is the local VqP- valued part of the form A ( [5. 15 ). We will refer to A ( 5.19 ) as a local connection 
form. • 



The following theorems [23] state the pull-back and push-forward operations of principal 
connections. 



Theorem 5.1. Let P — > X be a principal fibre bundle and f*P — > X' ( |L~8|) the pull-back 
principal bundle with the same structure group. If A is a principal connection on P — > X, 
then the pull-back connection f*A (|3.9|) on f*P — > X' is a principal connection. □ 



Theorem 5.2. Let P' — > X and P — > X be principle bundles with structure groups G' 
and G, respectively. Let $ : P' — > P be a principal bundle morphism over X with the 
corresponding homomorphism G' — > G. For every principal connection A' on P', there 
exists a unique principal connection A on P such that the tangent map T$ to $ sends the 
horizontal subspaces relative to A' into those relative to A. □ 



C. The strength of a principal connection 



Given a principal G-bundle P — > X, the Frolicher-Nijenhuis bracket (1.34) on the space 



0*(P)®7i(P) of tangent- valued forms on P is compatible with the canonical action Rg ( |5.1|) 
of G on P, and yields the induced Frolicher-Nijenhuis bracket on the space O* : (X)<S>TgF '(X) 
of TqP- valued forms on X. Its coordinate form issues from the Lie bracket (|5.6|). 
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Then any principal connection A G 1 {X) ® TgP(X) (|5.15 ) sets the Nijenhuis differ- 
ential 

d A : O r {X) <g> T G P(X) -> (T +1 (X) <g> VbP(X), 

^0 = [A, <f>] m , <\> e O r (X) ® T G P(X), (5.20) 
on the space ® TgP(X). Similarly to the curvature R ( |3.17| ), let us put 

F A = \d A A = ~L4, A] FN G 0\X) <g> V G P(X), (5.21) 

f a = ^F^dx x A dx" ® e r , 

^ = ^ - ^ + c^A*, (5.22) 
It is called the strength of a principal connection A, and is given locally by the expression 

F A = dA + - [A, A] = dA + A A A, (5.23) 

where A is the local connection form (|5.19| ). By definition, the strength ( 5.21]) of a principal 
connection obeys the second Bianchi identity 

d A F A = [A,F A \ FN = 0. (5.24) 

It should be emphasized that the strength F A ( |5.21|) is not the standard curvature ( |3.16|) 

fF A = z* c e, 



of a connection on P, but there are the local relations ipc^A = zZQ, where 



Q = dA+-[A,A] (5.25) 

is the Qi- valued curvature form on P (see the expression ( |5.29| ) below). In particular, a 
principal connection is flat if and only if its strength vanishes. 

D. Associated bundles 

Given a principal G-bundle 7Cp : P — > X, let V be a manifold provided with an effective 
left action 

G x V 3 (g, v ) h-> gv G V 

of the Lie group G. Let us consider the quotient 

Y = (P x V)/G (5.26) 

of the product P x V by identification of elements (p,v) and (p<7, <7 _1 t>) for all g G G. We 
will use the notation (pG, G _1 t>) for its points. Let [p] denote the restriction of the canonical 
surjection 

PxV^fPx V)/G (5.27) 
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to the subset {p} x V so that 

\p](v) = \pg]{a~ x v). 

Then the map 

makes the quotient Y Q5.26| ) to a fibre bundle over X. 



Let us note that, for any G-bundle, there exists an associated principal G-bundle [45 



The peculiarity of the G-bundle Y (|5.26|) is that it appears canonically associated to a 



principal bundle P. Indeed, every bundle atlas ty P = {(U a , z a )} of P determines a unique 
associated bundle atlas 

* = {{U a ^ a {x) = [z a {x)]- v )} 

of the quotient Y ( |5.26[ ), and each automorphism of P also yields the corresponding auto- 
morphism ( 5.43Q of Y . 



Therefore, unless otherwise stated, by a fibre bundle associated to a principal bundle 
P — ► X (or, simply, a P-associated fibre bundle) we will mean the quotient ( 5.26|) . 



Every principal connection A on a principal bundle P — > X induces a unique connection 
on the associated fibre bundle Y ( |5.26| ). Given the horizontal splitting of the tangent bundle 
TP relative to A, the tangent map to the canonical morphism (|5.27|) defines the horizontal 



splitting of the tangent bundle TY of Y and, consequently, a connection on Y — > X 
This is called the associated principal connection or, simply, a principal connection on a 
P-associated bundle Y — > X. If Y is a vector bundle, this connection takes the form 

A = dx x ® (d x - A p x I p )y 1 d l ), (5.28) 

where I p are generators of the linear representation of the Lie algebra Q r in the vector space 
V. The curvature (|3.16 ) of this connection reads 



R = -^F^I p )y j dx x A dx^ ® d u (5.29) 



where F% are coefficients ( 5.22| ) of the strength of a principal connection A. 

In particular, any principal connection A yields the associated linear connection on the 
gauge algebra bundle V^P — > X. The corresponding covariant differential V" 4 ^ Q3.ll ) of 
its sections ^ = ^ p e p reads 

V A i : X -> T*X ® V G P, 

V A e = (dxC + c; q A{^)dx x ® e r . (5.30) 
It coincides with the Nijenhuis differential 

d A i= [A£]fn = V A e (5.31) 
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( |5.20 ) of £ seen as a Vg-P- valued 0-form, and is given by the local expression 

V A £ = d£+[A,£], (5.32) 



where A is the local connection form ( |5.19| ). 



E. The configuration space of classical gauge theory 

Since gauge potentials are represented by global sections of the connection bundle C — > 
X ( |5.8j ), its first order jet manifold J 1 C plays the role of a configuration space of classical 
gauge theory. The key point is that the jet manifold J l C admits the canonical splitting 
over C which leads to a unique canonical Yang-Mills Lagrangian of gauge theory on J X C . 

Let us describe this splitting. One can show that the principal G-bundle 

J l P -> J X P/G = C (5.33) 
is canonically isomorphic to the trivial pull-back bundle 

P c = C x P -> C, (5.34) 

x 

and that the latter admits the canonical principal connection 

A = dx x ® {d x + a p x e p ) + da\ ® d x G 0\C) ® T G {P C ){C) (5.35) 



T5| , [HI |30[| . Since C (|5.8|) is an affine bundle modelled over the vector bundle C ( |5.10|) , the 



vertical tangent bundle of C possesses the canonical trivialization 

VC = Cx T*X ® V G P, (5.36) 

while 

V G P C = V G (C x P) = C xV G P 

X X 

Then the strength F4 of the connection ( |5.35| ) is the Vc-P-valued horizontal two-form 
F A = \d A A = e 0\C) ® VbP(X), 

F4 = {dal A ^ + ^c; 9 <a^x A A dx") ® e r , (5.37) 

on C. It is readily observed that, given a global section connection A of the connection 
bundle C — >• X, the pull-back A*F_4 = is the strength (|5.21| ) of the principal connection 
A. 

Let us take the pull-back of the form Fa onto J X C with respect to the fibration ( |5.33| ), 
and consider the V^-P-valued horizontal two-form 

1 

2* 

3% = a A M - <A + Cp<7 a A a £' ( 5 ' 38 ) 
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T = h {F A ) = ~^dx x A dx" ® e r , 



where h is the horizontal projection (|2.13| ). It is readily observed that 

F/2 :J l C^Cx]\ T*X <g> V G P (5.39) 

is an affine morphism over G of constant rank. Hence, its kernel C + = Ker T is the affine 
subbundle of J l C — > C, and we have a desired canonical splitting 

J 1 C = C + ®C_ = C + ®(C xAT*X ®V G P), (5.40) 

C X 

1 1 

«V = T^Am + a U - c w a A a ") + 2~( a V ~ a ^ + c P? a A a P' ( 5 - 41 ) 

over G of the jet manifold J 1 C. The corresponding canonical projections are 

pr x = S : J X G - G +) 5^ = i(a^ + a^ A - c^a«), (5.42) 
and pr 2 = F/2 

F. Gauge transformations 

In classical gauge theory, several classes of gauge transformations are examined [|17], |3Tj, 
43| . A most general gauge transformation is defined as an automorphism $p of a principal 
G-bundle P which is equivariant under the canonical action (|5.1|) of the group G on G, i.e., 

R g o $ p = $ p o R g , MgeG. 
Such an automorphism of P yields the corresponding automorphism 

$ y : (pG, G- 1 ^) -> ($p(p)G?, G- 1 ^) (5.43) 
of the P-asso dated bundle K Q5.26D and the corresponding automorphism 

$c : J l P/G -> J 1 $ P {J 1 P)/G (5.44) 

of the connection bundle G. 

Hereafter, we deal with only vertical automorphisms of the principal bundle P, and 
agree to call them gauge transformations in gauge theory. Accordingly, the group 0(P) of 
vertical automorphisms of a principal G-bundle P is called the gauge group. 

Every vertical automorphism of a principal bundle P is represented as 

$p{p)=pf(p), peP, (5.45) 
where / is a G- valued equivariant function on P, i.e., 

f(pg) = g- 1 f(p)g, Vg e G. (5.46) 
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There is one-to-one correspondence between these functions and the global sections s of the 
group bundle 

P G = (Px G)/G, (5.47) 

whose typical fibre is the group G, subject to the adjoint representation of the structure 
group G. Therefore, P G ( 15.47 ) is also called the adjoint bundle. There is the canonical 
fibre-to-fibre action of the group bundle P G on any P-associated bundle Y by the law 

P G x Y -> Y, 

x 

((pCG-'gG),^^-^)) » (pG,G- l gv). 
Then the above-mentioned correspondence is given by the relation 
P G x P 3 (s(7r P (p)),p) i- pf(p) G P, 

where P is considered as a G-bundle associated to itself. Hence, the gauge group <3(P) 
of vertical automorphisms of a principal G-bundle P — > X is isomorphic to the group of 
global sections of the P-associated group bundle (|5.47|) . 

In order to study the gauge invariance of one or another object in gauge theory , it 
suffices to examine its invariance under an arbitrary one-parameter subgroup [$ p] of the 
gauge group. Its infinitesimal generator is a G-invariant vertical vector field (ona principal 
bundle P or, equivalently, a section 

f = e(x)e p (5.48) 

of the gauge algebra bundle VqP — > X ( |5.5|) . We will call it a gauge vector field. One can 
think of its components £ p (x) as being gauge parameters. Gauge vector fields Q5.48] ) are 
transformed under the infinitesimal generators of gauge transformations (i.e., other gauge 
vector fields) £' by the adjoint representation 

= w, c) = c p rq e^ z, e e v G p{x). 

Accordingly, gauge parameters are subject to the coadjoint representation 

e ■ e -> -c p rq ei q . (5.49) 

Given a gauge vector field ^ (|5.48| ) seen as the infinitesimal generator of a one-parameter 
gauge group [$p], let us obtain the gauge vector fields on a P-associated bundle Y and the 
connection bundle G. 

The corresponding gauge vector field on the P-associated vector bundle Y — > X issues 
from the relation (|5.43| ), and reads 

6- = em, 
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where I p are generators of the group G, acting on the typical fibre V of Y . 

The gauge vector field £ (|5.4S ) acts on elements a ( |5.11| ) of the connection bundle by 
the law 

L e a = [f , a] FN = (-dxC + c' pq £ p a q x )dx x <g> e r . 

In view of the vertical splitting ( |5.36| ), this quantity can be regarded as the vertical vector 
field 

£c = (~d x e + c; q eal)d* (5.50) 

on the connection bundle C, and is the infinitesimal generator of the one-parameter group 
[<&c] of vertical automorphisms ( p.44[ ) of C, i.e., a desired gauge vector field on C . 

G. Lagrangian gauge theory 

Classical gauge theory of unbroken symmetries on a principal G-bundle P — > X deals 
with two types of fields. These are gauge potentials identified to global sections of the 
connection bundle C — » X ( 5.8|) and matter fields represented by global sections of a P- 
associated vector bundle Y (|5.26|) , called a matter bundle. Therefore, the total configuration 
space of classical gauge theory is the product of jet bundles 

J^tot = J X Y x J X C. (5.51) 

x 

Let us study a gauge invariant Lagrangian on this configuration space. 

A total gauge vector field on the product C xY reads 

x 

ivc = (-dxC + c r pq eal)d* + eifo = «<9 A e + (5-52) 

where we utilize the collective index A, and put the notation 

< A <9a = ~5 r p d x r) up A = d- qp a\d x r + lid,. 

A Lagrangian L on the configuration space (|5.51| ) is said to be gauge-invariant if its Lie 
derivative Lji^ YC L along any gauge vector field £ ( |5.48| ) vanishes. Then the first variational 
formula (|4.3|) leads to the strong equality 

o = ( u fe + u A /d,e)t A c + d x [(u^e + <^>a], (5.53) 

where 5a£ are the variational derivatives ( [4.20 ) of L and the total derivative reads 
d x = d x + a p x ^ + y\d l . 
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Due to the arbitrariness of gauge parameters £ p , this equality falls into the system of strong 
equalities 



v$5 A C + d^u* 7C*X) = 0, 
u^5 A C + d x (u^7T X A ) + u^ A 
0. 



(5.54a) 
(5.54b) 
(5.54c) 



Substituting ( |5.54b| ) and ( |5.54c| ) in ( |5.54a| ), we obtain the well-known constraints 

u$5 A C-dp(u* t 5 A £) = Q 

for the variational derivatives of a gauge-invariant Lagrangian L. 

Treating the equalities (|5.54a|) - ( 5.54c ) as the equations for a gauge-invariant Lagran- 
gian, let us solve these equations for a Lagrangian 



L = C(x x , a;, a r ^)u : J l C -> A T*X 

without matter fields. In this case, the equations ( |5.54a| ) - ( |5.54c| ) read 

c r pq (a^C + a p XlM d^C) = 0, 
d%jC + c r pq a\d^C = 0, 
3£ A £ + d^C = 0. 



(5.55) 

(5.56a) 
(5.56b) 
(5.56c) 



Let rewrite them relative to the coordinates (a q , S^ x , Fix) ( |5.38| ) and ( |5.42| ), associated to 
the canonical splitting ( |5.40| ) of the jet manifold J X C . The equation ( 5.56c ) reads 



dC 



dS 



0. 



Then a simple computation brings the equation ( |5.56b| ) into the form 
d^C = 0. 



(5.57) 



(5.5* 



A glance at the equations ( 5.57] ) and ( |5.58|) shows that the gauge-invariant Lagrangian 
( |5.55|) factorizes through the strength T (|5.38|) of gauge potentials. As a consequence, the 
equation ( |5.56a| ) takes the form 



dC 



0. 



A/Lt 



It admits a unique solution in the class of quadratic Lagrangians which is the conventional 
Yang-Mills Lagrangian Lym of gauge potentials on the configuration space J l C. In the 
presence of a background world metric g on the base X, it reads 



a _9 a pq9 9 J- xg J- m 



As 2 



A/3* / [iv 



9 K 



9 = det(^), 



(5.59) 



43 



where a G is a G-invariant bilinear form on the Lie algebra of Q r and £ is a coupling constant. 
H. Gauge conservation laws 

On-shell, the strong equality (|5.53|) becomes the weak Noether conservation law 

0«d A [«f + <V)^] (5.60) 

of the Noether current 

X A = -«e + <^>A- (5.61) 

Accordingly, the equalities ( |5.54a| ) - (|5.54cj) on-shell lead to the familiar Noether identities 

« 0, (5.62a) 
dA«M)+t^7r£«0, (5.62b) 
u^ A + u^n A = (5.62c) 

for a gauge-invariant Lagrangian L. They are equivalent to the weak equality (|5.60|) due to 
the arbitrariness of the gauge parameters £ p (x). 

A glance at the expressions ( 5.60|) and (|5.61 ) shows that both the Noether conservation 



law and the Noether current depend on gauge parameters. The weak identities ( 5.62a| ) 



( [5.62c ) play the role of the necessary and sufficient conditions in order that the Noether 



conservation law ( |5.60| ) is maintained under changes of gauge parameters. This means 
that, if the equality (|5.60|) holds for gauge parameters £, it does so for arbitrary deviations 
£ + Si; of £. In particular, the Noether conservation law ( |5.60| ) is maintained under gauge 
transformations, when gauge parameters are transformed by the coadjoint representation 

(Hi- 



lt is easily seen that the equalities (|5.62a ) - ( |5.62c ) are not mutually independent, 



but (|5.62a|) is a corollary of (|5.62b|) and (|5.62c| ). This property reflects the fact that, in 



accordance with the strong equalities ( |5.54b| ) and ( |5.54c| ), the Noether current ( |5.61| ) is 
brought into the superpotential form 



( f4.19|) . Since a matter field Lagrangian is independent of the jet coordinates a p x , the 



Noether superpotential 

depends only on gauge potentials. The corresponding integral relation Q4.21]) reads 



/ s*% x u x = J S *(^X A )^A, (5-63) 
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where N n 1 is a compact oriented (n — l)-dimensional submanifold of X with the boundary 
dN n ~ 1 . One can think of (|5.63|) as being the integral relation between the Noether current 



( |5.61|) and the gauge field, generated by this current. In electromagnetic theory seen as a 
£7(1) gauge theory, the similar relation between an electric current and the electromagnetic 
field generated by this current is well known. However, it is free from gauge parameters 
due to the peculiarity of Abelian gauge models. 

It should be emphasized that the Noether current ( |5.61 ) in gauge theory takes the 



superpotential form ( |4.19| ) o because the infinitesimal generators of gauge transformations 
( |5.52| ) depend on derivatives of gauge parameters. 

6 Higher order jets 

As was mentioned in Lecture 2, there is a natural higher order generalization of the first and 
second order jet manifolds |Tj], [Z^, 33 1. Recall the notation. Given bundle coordinates 
(x x ,y l ) of a fibre bundle Y — > X, by A, | A |= r, is meant a collection of numbers (A r ...Ai) 
modulo permutations. By A + S we denote the collection 

A + S = (A r • • • \i<7k ■ ■ ■ <Ji) 
modulo permutations, while AS is the union of collections 

AS = (A r • • • Aicxfc • • • a{), 
where the indices Aj and <jj are not permuted. Recall the symbol of the total derivative 

k 

dx = d x + $>i +A #. (6.1) 

|A|=0 

We will use the notation 

d A = d Xr o---od Xl , d A = d Xr o---od Xl , A = (A r ...A x ). 
The r-order jet manifold J r Y of a fibre bundle Y — > X is defined as the disjoint union 

J r Y= \Jf x s (6.2) 

xex 

of the equivalence classes f x s of sections s of Y so that sections s and s' belong to the same 
equivalence class j r x s if and only if 

s\x) = s'\x), Bas^x) = d A s' i (x), < | A | < r. 

In brief, one can say that sections of Y — > X are identified by the r + 1 terms of their Taylor 
series at points of X. The particular choice of a coordinate atlas does not matter for this 
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definition. Given an atlas of bundle coordinates (x x ,y l ) of a fibre bundle Y — > X, the set 
is endowed with an atlas of the adapted coordinates 



(x\y l A ), <| A |< r, 
(x\yi)o S = (x\d A s i (x)), 



(6.3) 



together with transition functions ( [2.12 ). The coordinates ( |6.3| ) bring the set J r Y into a 
smooth manifold of finite dimension 



dim J' Y = n + m 



in 



The coordinates (|6.3j ) are compatible with the natural surjections 
tt[ : J r Y -> J'F, r > I, 
which form the composite bundle 



r r— 1 

7T i -, 7T o 

vr r : J r T ^ f- x Y ^ 



Y 



X 



with the properties 



7T O 7Ti, = 7T . 



A glance at the transition functions ( 2.12|) when | A |= r shows that the fibration 

<_! : J r Y -> J^Y 
is an affine bundle modelled over the vector bundle 



V T*X ® -> 1 / r ~ 1 Y. 



(6.4) 



Remark 6.1. To introduce higher order jet manifolds, one can use the construction of the 
repeated jet manifolds. Let us consider the r-order jet manifold J r J k Y of the jet bundle J k Y — > X. 
It is coordinated by 

(x^ A ), |A|<fc, |S|<r. 
There is the canonical monomorphism 

a rk : J r+k Y J r J fe Y 
given by the coordinate relations 

° °Vfc = 
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In the calculus in r-order jets, we have the r-order jet prolongation functor such that, 
given fibre bundles Y and Y' over X, every bundle morphism $ : Y — > Y' over a diffeomor- 
phism / of X admits the r-order jet prolongation to the morphism 

J r $ : J r Y 3 f x s » f fia) (* o a o f' 1 ) G J r Y' (6.5) 

of the r-order jet manifolds. The jet prolongation functor is exact. If $ is an injection 
[surjection], so is J r $. It also preserves an algebraic structure. In particular, if Y — > X 
is a vector bundle, so is J r Y — > X. If Y —* X is an affine bundle modelled over the 
vector bundle Y — > X, then J r Y — > X is an affine bundle modelled over the vector bundle 
jry _> X. 

Every section s of a fibre bundle Y — > X admits the r-order jet prolongation to the 
section 

(J r s)(x)=f x s 

of the jet bundle J r Y — > X. Such a section of J r y — > X is called holonomic. 

Every exterior form on the jet manifold J k Y gives rise to the pull-back form 7r^ +4 *0 
on the jet manifold J k+l Y . Let 0% = 0*(J k Y) be the algebra of exterior forms on the jet 
manifold J k Y . We have the direct system of R- algebras 

0*(X) ^ 0*(Y) ^ ■ ■ 0* r — ► • • • . (6.6) 

The subsystem of ( B.6|) is the direct system 

C°°(X) ^C°°(Y) ^ 0\ ^ • • ■ ^ O r — -> ■ ■ • (6.7) 



of the M-rings of real smooth functions (9° = C°°( J k Y) on the jet manifolds J k Y. Therefore, 
one can think of (3J3) and ( p.7|) as being the direct systems of C°°(X)-modules. 

Given the fc-order jet manifold J k Y of Y —>■ X, there exists the canonical bundle 
morphism 

r (k) : J k TY -> TJ k Y 

over J fc y x J TX — > J fe y x TX whose coordinate expression is 

(x A ,yl,x A ,yi) or (fc) = (x x ,yi,x x , (y*) A - ^(y% +s (^) 3 ), <| A |< fe, 

where the sum is taken over all partitions S + 5 = A and < | H | . In particular, we have 
the canonical isomorphism over J k Y 

r (fc) : J k VY ^ VJ k Y, (f) A = y\ o r {k) . (6.8) 
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As a consequence, every projectable vector field u = u^d^ + u l di on a fibre bundle Y — > X 
has the following /c-order jet prolongation to the vector field on J k Y: 

J k u = r{k) o J k u : J k Y -> TJ fc F, (6.9) 
J fe « = M A a A + u*fi!j + u A 6>f , <| A |< A:, 
u\ +A = <*a«a - vl+A d ^, <| A |< k, 

(cf. ( |2.8|) for = 1). In particular, the fc-order jet lift (|6.9| ) of a vertical vector field on 
Y — > X is a vertical vector field on J fc Y" — > X due to the isomorphism (|6.8j ). 

A vector field u r on an r-order jet manifold J r Y is called projectable if, for any k < r, 
there exists a projectable vector field on J fc F such that 

U k O!T r k = TlT r k O U r . 

A projectable vector field v on J r Y has the coordinate expression 

v = u x d x + u\d^ 0< |A| <r, 

such that ma depends only on the coordinates x M and every component u\ is independent 
of the coordinates \E\ > |A|. 

Let us denote by V k the vector space of projectable vector fields on the jet manifold 
J k Y. It is easily seen that V r is a Lie algebra over M and that the morphisms Till, k < r, 
constitute the inverse system 

v o T ^L... V r ~ x T ^ V r < (6.10) 

of these Lie algebras. 



Proposition 6.1. 0, |B|. The fc-order jet lift ( p.9| ) is the Lie algebra monomorphism 
of the Lie algebra V° of projectable vector fields on Y — > X to the Lie algebra V k of 
projectable vector fields on J k Y such that 

Tn r k (ru) = J k ucnl. (6.11) 

□ 



The jet lift J k u ( |6.9| ) is said to be an integrable vector field on J k Y . Every projectable 
vector field u k on J k Y is decomposed into the sum 

u k = J k (Tir k (u k ))+v k (6.12) 

of the integrable vector field J k (T7iQ (u k )) and the projectable vector field v r which is vertical 
with respect to some fibration J k Y — > Y. 
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Similarly to the exact sequences ( 1.17a|) - ( |1 . 1 7b|) over J°Y = Y, we have the exact 
sequences 



-> V J k Y ^ TJ k Y -4TIx J k Y -> 0, 

x 

-> J fc F x T*X ^ TJ fc F -> V* J fc F -> 0, 



(6.13) 
(6.14) 



of vector bundles over J k Y. They do not admit a canonical splitting. Nevertheless, their 
pull-backs onto J k+1 Y are split canonically due to the following canonical bundle monomor- 
phisms over J k Y: 



\ {k) : J k+1 Y ^T*X © TJ k Y, 



J k Y 



\ k) = dx A ®d {k \ 
6 (k) : J k+1 Y ^ T*J k Y 



VJ k Y, 



J k Y 



9 {k) = J2(dyX-yi +A dx x )®dt, 

where the sum is over all multi-indices A, | A |< k. The forms 

e \ = dyi - yi+\dx x 



(6.15) 



(6.16) 



(6.17) 



are also called the contact forms. The monomorphisms (|6.15 ) and (|6.16| ) yield the bundle 
monomorphisms over J k+1 Y 



\ {k) : TX x J k+1 Y ^TJ k Y x J k+1 Y, 
9 (k) : V*J k Y x 



J k Y 

T*J k Y x J k+1 Y. 



J k Y 



J k Y 



(6.18) 
(6.19) 



These monomorphisms split the exact sequences ( |6.13| ) and ( |6.14| ) over J k+1 Y and define 
the canonical horizontal splittings of the pull-backs 



nz + TJ Y = X( k) (TX x J k+1 Y) © VJ% 

x x ' 



(6.20) 



A 
i ' 



tt£ +1 *T* J k Y = T*X 



© d( k) (V*J k Y x J k+l Y), 
jk+i Y jk Y 



(6.21) 



Xx dx x + e = (± x + E + E 



A' 



where summation are over all multi-indices | A |< k. 

In accordance with the canonical horizontal splitting (|6.20|), the pull-back 



u k : J^ Y <+ -^ d J k Y * J k+1Uk -^TJ k Y x J k+1 

J k Y 
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onto J k+1 Y of any vector field Uk on J k Y admits the canonical horizontal splitting 

u = u H + u v = (u x d[ k) + £ y\ +K dt) + £K - «M+a)^. ( 6 -22) 

where the sums are over all multi- indices |A| < k. By virtue of the canonical horizontal 
splitting (|6.21|), every exterior 1-form cf) on J k Y admits the canonical splitting of its pull- 



back 

4 +u 4> = h 0( p+^-h ^)), (6.23) 
where ho is the horizontal projection ( 2.13| ). 



7 Infinite order jets 

The direct system ( |6.6|) of IR-algebras of exterior forms and the inverse system fl6.10|) of the 
real Lie algebras of projectable vector fields on jet manifolds admit the limits for r — > oo in 
the category of modules and that of Lie algebras, respectively. Intuitively, one can think of 
elements of these limits as being the objects defined on the projective limit of the inverse 
system 



X ^ ^J r - 1 Y^J r Y< (7.1) 

of finite order jet manifolds J r Y. 



Remark 7.1. Recall that, by a projective limit of the inverse system ( |7.1| ) is meant a set J°°Y 
such that, for any k, there exist surjections 

ir°° : J°°Y -^X, 7rg° : J°°Y ->Y, irf: J°°Y -> J k Y, (7.2) 

which make up the commutative diagrams 

J°°Y 



7T^ ^ \ TT^ 

J k Y — ► J r Y 



for any admissible k and r < k p^ ]. • 

The projective limit of the inverse system (|7.1|) exists. It is called the infinite order jet 
space. This space consists of those elements 

(. . . , q h . . . , qj, . . .), qi E J l Y, qj E J J Y, 

of the Cartesian product n J k Y which satisfy the relations = ix\ (qj) for all j > i. Thus, 

k 

elements of the infinite order jet space J°°Y really represent oo-jets j^s of local sections 
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of Y — > X. These sections belong to the same jet j^s if and only if their Taylor series at 
a point x G X coincide with each other. 



Remark 7.2. The space J°°Y is also the projective limit of the inverse subsystem of (7.1) 
which starts from any finite order J r Y. • 

The infinite order jet space J°°Y is provided with the weakest topology such that the 
surjections ( |7.2|) are continuous. The base of open sets of this topology in J°°Y consists 
of the inverse images of open subsets of J k Y, k = 0, . . ., under the mappings (|7.2|). This 



topology makes J°°Y a paracompact Frechet manifold []47 |. A bundle coordinate atlas 
{U, (x x ,y' 1 )} of Y — > X yields the manifold coordinate atlas 

{(rr^)-\U Y ),(x\yl)}, < |A|, (7.3) 

of J°°Y, together with the transition functions 

where A = (A&...A1), A + A = (AAfc...Ai) are multi-indices and d\ denotes the total 
derivative 

dx = d x + Vi+Ad?- (7.5) 

|A|>0 

Though J°°Y fails to be a smooth manifold, one can introduce the differential calculus 
on J°°Y as follows. 



Let us consider the direct system (BH) of K- modules 0\ of exterior forms on finite order 
jet manifolds J k Y. The limit O*^ of this direct system, by definition, obeys the following 



conditions 132 



for any r, there exists an injection O* O^; 
the diagrams 



-OO* 



o* 

are commutative for any r and k < r. 

Such a direct limit exists. This is the quotient of the direct sum 0* k with respect to 

k 

identification of the pull-back forms 

= vr-V, G 0* r , a G <D* k , 
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if (f) = 7r£*cr. In other words, O*^ consists of all the exterior forms on finite order jet 
manifolds module pull-back identification. Therefore, we will denote the image of O* in 
O*^ by O* and the elements 7r^°*0 of O*^ simply by 0. 

Remark 7.3. Obviously, 0^ is the direct limit of the direct subsystem of ( |6.6| ) which starts 
from any finite order r. • 



The R-module Oj^ possesses the structure of the filtered module as follows p6fl . Let 
us consider the direct system ( |6.7| ) of the commutative R-rings of smooth functions on the 
jet manifolds J r Y. Its direct limit O^ consists of functions on finite order jet manifolds 
modulo pull-back identification. This is the R-ring filtered by the R-rings 0° C 0® +i . Then 
Oj^ has the filtered O -module structure given by the 0°-submodules 0* k of Oj^. 

An endomorphism A of Oj^ is called a filtered morphism if there exists i 6 N such 
that the restriction of A to 0\ is the homomorphism of 0\ into O k+i over the injection 
O k ^ O k+i for all k. 

Theorem 7.1. p2| . Every direct system of endomorphisms {'jk} of 0& such that 

for all j > i has the direct limit in filtered endomorphisms of Oj^ . If all 7*, are monomor- 
phisms (resp. epimorphisms) , then 7^ is also a monomorphism (resp. epimorphism) . This 
result also remains true for the general case of morphism between two different direct sys- 
tems. □ 



Corollary 7.2. 33]. The operation of taking homology groups of chain and cochain 
complexes commutes with the passage to the direct limit. □ 

The operation of multiplication 

feC°°(X), 0eO r * 

has the direct limit, and O*^ possesses the structure of C°°(X)-algebra. The operations of 
the exterior product A and the exterior differential d also have the direct limits on O^. We 
will denote them by the same symbols A and d, respectively. They provide Oj^ with the 
structure of a Z-graded exterior algebra: 

00 

= © O™, 

m=0 

where O™ are the direct limits of the direct systems 

O m {X) O™ ^ O™ — > ■ ■ ■ O™ ^ O™ 1 — > ■■■ 
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of R-modules O™ of exterior m-forms on r-order jet manifolds J r Y. We agree to call 
lements of 0™ the exterior m-forms on the infinite order jet space. The familiar relations 
of an exterior algebra take place: 



1 AO j c O i+j 

oo ' N ^oo ^- ^oo ) 



a ■ ^oo ^oo ) 

dod = 0. 

As a consequence, we have the following De Rham complex of exterior forms on the 
infinite order jet space 

— R — JL^ol -U--. (7.6) 

Let us consider the cohomology group if m (0^ o ) of this complex. By virtue of Corollary 



7T2| , this is isomorphic to the direct limit of the direct system of homomorphisms 

H m (o;.) — > ^ m (c;+i) — > • • • 

of the cohomology groups H m iO*) of the cochain complexes 

— > R — ► C r ° Ol • • • Oj; -> 0, / = dim J r Y, 
i.e., of the De Rham cohomology groups H m (0*) = H m (J r Y) of jet manifolds J r Y. The 



following assertion completes our consideration of cohomology of the complex (|7.6|) 



Proposition 7.3. The De Rham cohomology H*(J r Y) of jet manifolds J r Y coincide 
with the De Rham cohomology H*(Y) of the fibre bundle Y — > X || f|. □ 

The proof is based on the fact that the fibre bundle J r Y — > J r ~ x Y is affine, and it 
has the same De Rham cohomology than its base. It follows that the cohomology groups 
if m ((9^), m > 0, of the cochain complex ( |7.6| ) coincide with the De Rham cohomology 
groups H m (Y) of Y -> X. 

Given a manifold coordinate atlas ( [7.3| ) of J°°Y , the elements of the direct limit can 
be written in the coordinate form as exterior forms on finite order jets. In particular, the 



basic 1-forms dx x and the contact 1-forms 9\ (|6.17 ) constitute the set of local generating 



elements of the (9^-module of 1-forms on J°°Y. Moreover, the basic 1-forms dx x and 
the contact 1-forms 9\ have independent coordinate transformation laws. It follows that 
there is the canonical splitting 

Ol = 0<£ © (7.7) 

of the module in the C^-submodules and 0]£ generated separately by basic and 
contact forms. The splitting ( |7.7| ) provides the canonical decomposition 

0* 00 = ®O k 00 s ) 0<k } < a < n, 

k.s 
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of into C^-modules 0^ s of fc-contact and s-horizontal forms, together with the corre- 
sponding projections 

to : C£ - 0<k, h':CT 00 -+0%, < a < n. 

Accordingly, the exterior differential on is split into the sum d — dn + dy of horizontal 
and vertical differentials such that 

d H ° h k = h k o do h k , d H (4>) = dx x A d x (<f>), 

d v o h* = h s o d o = 6\ A <9f 0, G O^. 

The operators (i# and dy obey the familiar relations 

d H (<j) A a) = d H ((j)) A a + (-1)^0 A ^(a), 0, a G O^, 
dy(0 A a) = d v (4>) A a + (-1) |0| A dy(cr), 

and possess the nilpotency property 

du ° du = 0, dy o dy = 0, dy o dn + dn ° dy = 0. (7.8) 
Recall also the relation 

ho o d = dn ° ho. 
The horizontal differential can be written in the form 

d H( j) = dx x A d x (4>), (7.9) 

where d\ (|7.5|) are the total derivatives in infinite order jets. It should be emphasized 
that, though the sum in the expression ( [7.5Q is taken with respect to an infinite number 
of collections A, the operator (|7.5|) is well defined since, given any form G O^, the 
expression d x (4>) involves only a finite number of the terms <9 4 A . The total derivatives satisfy 
the relations 

d x ((p Acr) = d x (4>) A a + A d x (a), 
d x {d(f)) = d(d x ((f))), 
[d x , d a ) = 0, 

and, in contrast with partial derivatives d x , they have the coordinate transformation law 
, dx^ 

The operators du and dy take the following coordinate form: 



d H f = d x fdx x , d v f = dtf9i, feOl 

d H (dx^) = 0, d v (dx l ) = 0, 

d H {9\) = dx x A 6{ +A , dvlei) = <| A | 
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One can think of the splitting (|7.7|) as being the canonical horizontal splitting. It is 
similar both to the horizontal splitting ( |3.7| ) of the cotangent bundle of a fibre bundle by 
means of a connection and the canonical horizontal splittings (|6.23| ) of 1-forms on finite 



order jet manifolds. Therefore, one can say that the splitting ( |7.7| ) defines the canonical 
connection on the infinite order jet space J°°Y. 

Given a vector field r on X, let us consider the map 

V T :0l 3j^r\{d H f)e0l . (7.10) 

This is a derivation of the ring O^. Moreover, if is regarded as a C 00 (X)-ring, the map 
( [7.1 0|) satisfies the Leibniz rule. Hence, the assignment 



r\d H = r x d x (7.11) 



is the canonical connection on the C°°(X)-ring [30|. One can think of V T ( [7.11| ) as 
being the horizontal lift r x d\ i— > r x d\ onto J°°Y of a vector field r on X by means of a 
canonical connection on the (topological) fibre bundle J°°Y — > X. 

However, V r ( [7.1 1| ) on J°°Y is not a projectable vector field on J°°Y, though they 



projected over vector fields on X. Projectable vector fields on J°°Y (their definition is a 
repetition of that for finite order jet manifolds) are elements of the projective limit V°° of 
the inverse system ( |6.10| ). This projective limit exists. Its definition is a repetition of that 
of J°°Y. This is a Lie algebra such that the surjections 

Tixf : V°° -> V k 

are Lie algebra morphisms which constitute the commutative diagrams 

poo 



Tir£> S \ Tn° 
Ttt!s 



for any k and r < k. In brief, we will say that elements of V°° are vector fields on the 
infinite order jet space J°°Y. 

In particular, let u be a projectable vector field on Y . There exists an element J°°u £ V°° 
such that 

rvr^ (J 00 M) = J k u, \/k > 0. 

One can think of J°°u as being the oo-order jet prolongation of the vector field uonF. 
It is given by the recurrence formula ( |6.9| ) where < |A|. Then any element of V°° is 
decomposed into the sum similar to ( |6.12| ) where k = oo. Of course, it is not the horizontal 
decomposition. Given a vector field v on J°°Y, projected onto a vector field r on X, we 
have its horizontal splitting 



v 



Vh + Vy = r x d\ + (v — T X d) 
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by means of the canonical connection V ( [7.11|) (cf. (|6.22|) ). Note that the component vy 
of this splitting is not a projectable vector field on J°°Y, but is a vertical vector field with 
respect to the fibration J°°Y — > X. 

Though V r ( |7.11| ) on J°°Y is not an element of the projective limit V°°, it is also a 
vector field on J°°Y as follows. 

A real function / : J°°Y — > K. is said to be smooth if, for every q e J°°Y, there exists a 
neighbourhood U of q and a smooth function on J fc F for some k such that 

/lt/ = / (fc) °^ It/- 

Then the same equality takes place for any r > k. Smooth functions on J°°Y constitute 
an R-ring C 00 ^ 00 !^). In particular, the pull-back 7r^°*/ of any smooth function on J r Y 
is a smooth function on J°°Y, and there is a monomorphism — > C 00 ^ 00 !^). The key 
point is that the paracompact space J°°Y admits partition of unity by elements of the ring 
C°°(J°°Y) @. 

Vector fields on J°°Y can be defined as derivations of the ring C 00 (J oo y. Since a 
derivation of is a local operation and J°°Y admits a smooth partition of unity, the 
derivations ( 7.10Q can be extended to the ring C°°( J°°Y) of smooth functions on the infinite 



order jet space J°°Y. Accordingly, the connection V ([7.1 1|) is extended to the canonical 
connection on the C°°(X)-ring C^iJ^Y). Extended to C°°(J oo y), the derivations ( fflOp , 
by definition, are vector fields on the infinite order jet space J°°Y. 



8 The variational bicomplex 

The algebra O*^ together with the horizontal differential dn and the variational operator 
5 constitute the variational bicomplex of exterior forms on J°°Y. Cohomology of this 
bicomplex provide solution of the global inverse problem of the calculus of variations in 
field theory Moreover, extended to the jet space of ghosts and antifields, the algebra O*^ 
is the main ingredient in the field-antfield BRST theory for studying BRST cohomology 
modulo da- Passing to the direct limit of the de Rham complexes of exterior forms on finite 
order jet manifolds, the de Rham cohomology has been found in Proposition [713. However, 
this is not a way of studying other cohomology of the algebra O*^. 

To solve this problem, we enlarge O*^ to the graded differential algebra of exterior 
forms which are locally the pull-back of exterior forms on finite order jet manifolds. The de 
Rham cohomology, da- and 5-cohomology of have been investigated in |2j, |7|]. Then 



one can show that the graded differential algebra O*^ has the same dn- and 5-cohomology 



as 0,01. 



We follow the terminology of JT2], [2"2"| , where a sheaf S is a particular topological bundle, 
S denotes the canonical presheaf of sections of the sheaf S, and r(5") is the group of global 
sections of S. 

A. The variational bicomplex 
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Let D* be a sheaf of germs of exterior forms on the r-order jet manifold J r Y and O r 
its canonical presheaf. There is the direct system of canonical presheaves 

1 * 2 * T * 

£>x -^Oi ► £),. — ■••, 

where 7r£_i* are the pull-back monomorphisms. Its direct limit is a presheaf of graded 
differential M-algebras on J°°Y . Let £2^ be a sheaf constructed from D M , £2^ its canonical 
presheaf, and = r(£3^ ) the structure algebra of sections of the sheaf £2^. In particular, 
Q^c = C°°(J°°Y). There are IR-algebra monomorphisms D*^ — > £2^ and — > Q^. The 
key point is that, since the paracompact space J°°Y admits a partition of unity by elements 
of the ring <2^, the sheaves of Q^-modules on J°°Y are fine and, consequently, acyclic. 
Therefore, the abstract de Rham theorem on cohomology of a sheaf resolution can be 
called into play in order to obtain cohomology of the graded differential algebra Q^. 

For short, we agree to call elements of Q*^ the exterior forms on J°°Y, too. Restricted 
to a coordinate chart (7To°)~ 1 (^) of J°°Y, they as like as elements of O*^ can be written in a 
coordinate form, where horizontal forms {dx x } and contact 1-forms {0\ = dy\ — y\ + \dx x } 
provide local generators of the algebra Q*^. There is the canonical decomposition 

Ql = © < k, 0<s<n, 

k,s 

of into Q^-modules of /c-contact and s-horizontal forms. Accordingly, the exterior 
differential on is split into the sum d — dn + dy of horizontal and vertical differentials. 

Being nilpotent, the differentials dy and d# provide the natural bicomplex {£2^ m } of the 
sheaf £2^ on J°°Y. To complete it to the variational bicomplex, one defines the projection 
R- module endomorphism 

T = ^^rToh k oh n , 
k>0 fc 

r(<f>) = (-1)'%' A [d A (#Jfl], <| A |, (ft G £>>°' n , 

of such that 

t o dn = 0, t o do t — t o d — 0. 

Introduced on elements of the presheaf (see, e.g., ||, 
induced on the sheaf £2^ and its structure algebra Q^. Put 

«* = t(£&»), £* = r«&»), k>0. 

Since r is a projection operator, we have isomorphisms 

£ k = r(£tf ), E k = T(£ k ). 



17, jiSfl), this endomorphism is 
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The variational operator on £}^ n is defined as the morphism 8 — r o d. It is nilpotent, and 
obeys the relation 

5or-Tod = 0. (8.1) 

Let K. and 0* x denote the constant sheaf on J°°Y and the sheaf of exterior forms on 
X, respectively. The operators dy, dn, t and 5 give the following variational bicomplex of 
sheaves of differential forms on J°°Y: 



' f dy | dy I 



-6 



•2) 



ciyj dyj dvj dy\ -(5| 

o^m- ^ o°r^--- asp = *e 

7r°°*| 7r°°*| 7r°°*| 7r°°* J 

t t t t 



The second row and the last column of this bicomplex form the variational complex 

o^R^al ^n^ 1 ^n^ n d <s 2 — > • • • . (8.3) 

The corresponding variational bicomplexes and variational complexes of graded differential 
algebras and O*^ take place. 

There are the well-known statements summarized usually as the algebraic Poincare 



lemma (see, e.g., [B3 



Lemma 8.1. If Y is a contactible bundle M ra+P — > M. n , the variational bicomplex of the 
graded differential algebra O*^ is exact. □ 

It follows that the variational bicomplex (|8.2|) and, consequently, the variational complex 
( |8.3|) are exact for any smooth bundle Y — > X. Moreover, the sheaves 0^, m in this bicomplex 
are fine, and so are the sheaves in accordance with the following lemma. 



Lemma 8.2. Sheaves are fine. □ 

Proof. Though the K-modules £^>i fail to be Q^-modules Q, one can use the fact that 
the sheaves &k>o are projections r(n^, n ) of sheaves of Q^-modules. Let {£/j}ie/ be a locally 
finite open covering of J°°Y and {/« G QSo} the associated partition of unity. For any open subset 
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U C J°°Y and any section tp of the sheaf £l^ n over U, let us put hi(ip) = fi<p. The endomorphisms 
hi of H^, ra yield the R-module endomorphisms 

h i = T oh i :<E k ^n^ n -^£& n 

of the sheaves (5&. They possess the properties required for to be a fine sheaf. Indeed, for each 
i G I, supp/j C E/j provides a closed set such that /ij is zero outside this set, while the sum J2 hi 

is the identity morphism. QED 

Thus, the columns and rows of the bicomplex ( |S.2|) as like as the variational complex 
Q8.3D are sheaf resolutions, and the abstract de Rham theorem can be applied to them. 
Here, we restrict our consideration to the variational complex. 

B. Cohomology of 

The variational complex ( |S.3| ) is a resolution of the constant sheaf R on J°°Y . Let us 
start from the following lemma. 

Lemma 8.3. There is an isomorphism 

H*(J°°Y, R) = H*(Y, R) = H*(Y) (8.4) 

between cohomology H*(J°°Y, R) of J°°Y with coefficients in the constant sheaf R, that 
H*(Y, R) of Y, and the de Rham cohomology H*{Y) of Y. □ 



Proof. Since Y is a strong deformation retract of J°°Y 0], the first isomorphism in (8.4) follows 



from the Vietoris-Begle theorem [12], while the second one results from the familiar de Rham 



theorem. QED 
Let us consider the de Rham complex of sheaves 

O^R^O ^ ^£11 (8.5) 
on J°°Y and the corresponding de Rham complex of their structure algebras 

O^R^Q ^ -^Ql (8.6) 

The complex ( |3.5| ) is exact due to the Poincare lemma, and is a resolution of the constant 
sheaf R on J°°Y since sheaves Q. 7 ^ are fine. Then, the abstract de Rham theorem and 
Lemma |S.3| lead to the following. 



Proposition 8.4. The de Rham cohomology if*(<2;^) of the graded differential algebra 
Q*^ is isomorphic to that H*(Y) of the bundle Y. □ 



59 



It follows that every closed form <p G Q*^ is split into the sum 
<P = P + d£, ZeQl, 



i.7) 



where (p is a closed form on the fiber bundle F. 

Similarly, from the abstract de Rham theorem and Lemma |8T3|, we obtain the following. 



Proposition 8.5. There is an isomorphism between dn- and ^-cohomology of the varia- 
tional complex 







(8.8) 



and the de Rham cohomology of the fiber bundle Y, namely, 

H k<n (d H ; Q*J = H k<n {Y), H k - n (6; Q*J = H k ^ n (Y). 



□ 



This isomorphism recovers the results of [§, [471, but notes also the following. The 



relation (|8.1| ) for r and the relation hod = dnho for ho define a homomorphism of the de 



Rham complex (8.6) of the algebra to its variational complex ( |S.8| ). The corresponding 
homomorphism of their cohomology groups is an isomorphism by virtue of Proposition |8] 
and Proposition ^5| . Then, the splitting ( |8.7| ) leads to the following decompositions. 



Proposition 8.6. Any d H -c\osed form a G Q°' m , m < n, is represented by a sum 

a = ha<p + d H Z, ieQZ~\ 
where (p is a closed m-form on Y. Any 5-closed form a G <2 fc ' n , k > 0, is split into 



cr = /lov? + d H £, k = 0, 
o- = r(^)+«J(0, fc = l, 
a = r(^) + 5(0, fe>l, 



jO,n-l 
•-oo > 



£ G 



.9) 



5.10) 
J.11) 
5.12) 



where </? is a closed (n + A;)-form on Y. □ 



C. Cohomology of 0* 



Theorem 8.7. Graded differential algebra O*^ has the same djj- and ^-cohomology as 
Q* . □ 



Proof. Let the common symbol D stand for du and 5. Bearing in mind decompositions ( |3.9| 



.12), it suffices to show that, if an element <j> G is Z)-exact in the algebra Q^, then it is so 



in the algebra O^. Lemma 8.1 states that, if Y is a contractible bundle and a D-exact form <fi on 
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J°°y is of finite jet order [<fi] (i.e., <f> £ 0^), there exists an exterior form ip E on J°°Y such 
that 4> = Dip. Moreover, a glance at the homotopy operators for du and 5 [33] shows that the jet 



order [<p] of ip is bounded by an integer N([<p]), depending only on the jet order of 4>. Let us call 
this fact the finite exactness of the operator D. Given an arbitrary bundle Y, the finite exactness 
takes place on J°°Y\i/ over any domain (i.e., a contractible open subset) U C Y. Let us prove the 
following. 

(i) Given a family {U a } of disjoint open subsets of Y, let us suppose that the finite exactness 
takes place on J 00 Y\jj a over every subset U a from this family. Then, it is true on J°°Y over the 
union U U a of these subsets. 

a 

(ii) Suppose that the finite exactness of the operator D takes place on J°°Y over open subsets 
U, V of Y and their non-empty overlap U D V. Then, it is also true on J°°Y\u\jy . 

Proof of (i). Let <f> £ O*^ be a D-exact form on J°°Y . The finite exactness on (ttq^) -1 (UU a ) holds 
since (j) = Dip a on every (vrg ) -1 (U a ) and [ip a ] < N([(j>]). 

Proof of (ii). Let <f> = Dip € be a D-exact form on J°°Y. By assumption, it can be brought 
into the form Dipu on (vrg°) _1 (t r ) and Dipy on (-7rg°)~ 1 (y), where ipu and ipy are exterior forms 
of bounded jet order. Let us consider their difference tpu — ipy on (7To°) _1 (L r n V). It is a In- 
exact form of bounded jet order [ipu — cpy] < N ([(/)]) which, by assumption, can be written as 
fu ~ W = Da where a is also of bounded jet order [a] < N(N ([(/)])). Lemma |8.8| below shows 
that a = ajj + ay where a\j and ay are exterior forms of bounded jet order on (vrQ°) _1 (C/) and 
(7TQ°) _1 (y), respectively. Then, putting 

tf'lu = PU - Dajj, ip'\y = ipy + Day, 

we have the form cfi, equal to Dip' v on (7rQ°)~ 1 (L r ) and Dip' v on (7rQ°) _1 (y), respectively. Since 
the difference <p'u — ip'y on (7rg°)~ 1 (L r n V) vanishes, we obtain = Dip' on (ir^y^UUV) where 




is of bounded jet order [ip'] < N(N([4>])). 

To prove the finite exactness of D on J°°Y, it remains to choose an appropriate cover of Y. A 
smooth manifold Y admits a countable cover {U^} by domains Uf, £ € N, and its refinement 
{Uij}, where j € N and i runs through a finite set, such that Uij n Uik = 0, j 7^ k |21]. Then F 
has a finite cover {[/j = U,-f7y}. Since the finite exactness of the operator D takes place over any 
domain U^, it also holds over any member Uij of the refinement {Uij} of {Ug} and, in accordance 
with item (i) above, over any member of the finite cover {U} of Y. Then by virtue of item (ii) 
above, the finite exactness of D takes place over Y. QED 



Lemma 8.8. Let U and V be open subsets of a bundle Y and a G Dj^ an exterior form 
of bounded jet order on (7r^°) _1 (?7 n V) C J°°Y . Then, o is split into a sum ajj + ay of 
exterior forms ou and ay of bounded jet order on (7r£°) -1 (£/) and (n^)^ 1 (V) , respectively. 
□ 
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Proof. By taking a smooth partition of unity on U U V subordinate to the cover {U, V} and 
passing to the function with support in V, one gets a smooth real function / on U U V which 
is on a neighborhood of U — V and 1 on a neighborhood of V — U in U U V. Let (ttq 2 )*/ be 
the pull-back of / onto (7rg°)" 1 (f7 U V). The exterior form ((irg°)*/)ff is on a neighborhood of 
(7Tq°) _1 (?7) and, therefore, can be extended by to (7rQ°) _1 (C/). Let us denote it ay. Accordingly, 
the exterior form (1 — (vrQ°)*/)c7 has an extension ay by to (7TQ°) _1 (y). Then, a = ay + ay is 
a desired decomposition because ay and ay are of the jet order which does not exceed that of a. 
QED 



D. The global inverse problem 



The expressions ( |S.1C| ) - ( 8.11 ) in Proposition provide a solution of the global inverse 
problem of the calculus of variations on fiber bundles in the class of Lagrangians L e 
of locally finite order 0, |47] (which is not so interesting for physical applications). These 
expressions together with Theorem |8.7] give a solution of the global inverse problem of the 
finite order calculus of variations. 

Corollary 8.9. (i) A finite order Lagrangian L G is variationally trivial, i.e., 

8{L) = iff 

L = ho<p + d H Z, £eC£r\ (8.13) 

where ip is a closed n-form on Y. (ii) A finite order Euler-Lagrange-type operator satisfies 
the Helmholtz condition 5(£) = iff 

where is a closed (n + l)-form on Y. □ 

Note that item (i) in Corollary |jj.9| contains the particular result of |0J . 

A solution of the global inverse problem of the calculus of variations in the class of 
exterior forms of bounded jet order has been suggested in M by a computation of coho- 
mology of a fixed order variational sequence. However, this computation requires rather 



sophisticated ad hoc technique in order to be reproduced (see |27|, g8|, 0] for a different 
variational sequence). The theses of Corollary |8l| also agree with those of 0, but the proof 
of Theorem |3.7| does not give a sharp bound on the order of a Lagrangian. 



9 Geometry of simple graded manifolds 

The most of odd fields in quantum field theory can be described in terms of graded man- 
ifolds. These are fermions and odd ghosts and antifields. It should be emphasized that 
graded manifolds are not supermanifolds, though every graded manifold determines a De- 
Witt if °°-supermanifold, and vice versa. Referring the reader to J7L 33] for a general 
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theory of graded manifolds, we here focus on the most physically relevant case of simple 
graded manifolds. We do not restrict a class of graded manifolds in question, but an arbi- 
trary graded manifold can be brought into a certain explicit form (see Batchelor's Theorem 
|9.1| below) which, of course, narrows the class of automorphisms of a graded manifold, n 
physical applications, graded manifolds are usually given in this form from the beginning. 

By a graded manifold of dimension (n, m) is meant a locally ringed space (Z, 21) where Z 
is an n-dimensional smooth manifold Z and 21 = 2lo © 2ti is a sheaf of graded commutative 
algebras of rank m such that f?| : 

• there is the exact sequence of sheaves 



0->ft->a^Cf->0, K = 2li + (2li) 2 , (9.1) 

where C|? is the sheaf of smooth functions on Z; 

• TZ/TZ 2 is a locally free C|?-module of finite rank (with respect to pointwise operations), 
and the sheaf 21 is locally isomorphic to the exterior algebra (or the exterior bundle) 

Ac W (n/n 2 ). 

The sheaf 21 is called a structure sheaf of the graded manifold (Z, 21) , while the manifold Z 
is said to be a body of (Z, 21) . Global sections of the sheaf 21 are called graded functions. 
They constitute the structure module 21 (Z) of the sheaf 21. 

A graded manifold (Z, 21), by definition, has the following local structure. Given a point 
z G Z, there exists its open neighbourhood U, called a splitting domain, such that 

2l(Z7) = C°°(U) <g) AE m . (9.2) 

It means that the restriction 21 \u of the structure sheaf 21 to U is isomorphic to the sheaf 
® AR m of sections of some exterior bundle AE^ = U x AM' m — > U. 
The well-known Batchelor's theorem [[/], |[] states that such a structure of graded mani- 
folds is global. 

Theorem 9.1. Let (Z, 21) be a graded manifold. There exists a vector bundle E — > Z with 
an m-dimensional typical fibre V such that the structure sheaf 21 of (Z, 21) is isomorphic to 
the structure sheaf 21^ = CSf ® AV* of sections of the exterior bundle Ai?*, whose typical 
fibre is the Grassmann algebra AV*. □ 



It should be emphasized that Batchelor's isomorphism in Theorem |9.1| fails to be canon- 
ical. At the same time, there are many physical models where a vector bundle E is intro- 
duced from the beginning. In this case, it suffices to consider the structure sheaf 21b of 



the exterior bundle AE* jlB], F3(], pEQ| . We agree to call the pair (Z, 2l#) a simple graded 
manifold. Its automorphisms are restricted to those, induced by automorphisms of the 
vector bundle E — >• Z. This is called the characteristic vector bundle of the simple graded 
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manifold (Z, 21e). Accordingly, the structure module 21e(Z) = AE*(Z) of the sheaf 21e 
(and of the exterior bundle AE*) is said to be the structure module of the simple graded 
manifold (Z, 21e). 

Given a simple graded manifold (Z, 21e), every trivialization chart (U;z A ,y a ) of the 
vector bundle E — > Z is a splitting domain of (Z, 21e). Graded functions on such a chart 
are A- valued function 

m -i 

/= EliU^ 1 "^- ( 9 - 3 ) 

fc=0 

where f ai ---a k {z) are smooth functions on [/, {c a } is the fibre basis for and we omit the 
symbol of the exterior product of elements c. In particular, the sheaf epimorphism a in 
fl9.1|) is induced by the body morphism of A. We agree to call {z A , c a } the local basis for 
the graded manifold (Z, 2lg). Transition functions y' a = pl(z A )y b of bundle coordinates on 
E — > Z induce the corresponding transformation 

c la = p a b {z A )c b (9.4) 

of the associated local basis for the graded manifold (Z, 21e) and the according coordinate 
transformation law of graded functions (|9.3D. 

Let us note that general transformations of a graded manifold take the form 

c la = p a {z A ,c b ), (9.5) 

where p a (z A ,c b ) are local graded functions. Considering only simple graded manifolds, we 
actually restrict the class of graded manifold transformations ( ^.5| ) to the linear ones 
compatible with a given Batchelor's isomorphism. 



Remark 9.1. Although graded functions are locally represented by A- valued functions 
they are not A- valued functions on a manifold Z because of the transformation law ([Of) (or (|9.5|)). 
• 

Given a graded manifold (Z, 21), by the sheaf U21 of graded derivations of 21 is meant a 
subsheaf of endomorphisms of the structure sheaf 21 such that any section u of o2l over an 
open subset U C Z is a graded derivation of the graded algebra 2l([7), i.e. 

u(//0 =«(/)/' + (-l) MW /«(/0 (9.6) 

for all homogeneous elements u G D2l(£7) and /, /' G 2l(£7). Conversely, one can show that, 
given open sets U' C U, there is a surjection of the derivation modules 9(2l(£/)) — > D(2l([/')) 
0. It follows that any graded derivation of the local graded algebra 2l([7) is also a local 
section over U of the sheaf 021. Sections of 021 are called graded vector fields on the graded 
manifold (Z, 21). The graded derivation sheaf o2t is a sheaf of Lie superalgebras with respect 
to the bracket 

[u, u'\ = uu' + (-1) MM+ Vu. (9.7) 
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In comparison with general theory of graded manifolds, an essential simplification is 
that graded vector fields on a simple graded manifold (Z, 2lg) can be seen as sections of a 
vector bundle as follows @, 

Due to the vertical splitting VE = E x E ( |1.15[ ), the vertical tangent bundle VE of 
E — > Z can be provided with the fibre bases {<9/<9c a }, which are the duals of the bases {c a }. 
These are the fibre bases for pr 2 VE = E. Then graded vector fields on a trivialization 
chart (U; z A , y a ) of E read 

u = u A d A + u a ^-, (9.8) 
oc a 

where u x ,u a are local graded functions on U ||7|, p0|. In particular, 

d d d d d d 
o — - = o , Oa ° = — ° OA- 

dc a dc° dc b dcf dc a dc a 

The derivations ( |9.8| ) act on graded functions / G 2lg(LQ (|9.3| ) by the rule 

u(f a ... b C a ■■■C b )= U A d A (f a ... b )c a ■ • • C 6 + U k f a ... b ^\ ( C ° • • • C & ) . (9.9) 

This rule implies the corresponding coordinate transformation law 

u ,A = u A } u ,a = P y + u A d A (p "y 



of graded vector fields. It follows that graded vector fields ( |9.8| ) can be represented by 
sections of the vector bundle Ve — ► Z which is locally isomorphic to the vector bundle 



V E \u « AE*®(E®TZ)\ 



u, 



and is characterized by an atlas of bundle coordinates {z , ,v\ b ), k — 
possessing the transition functions 



„M _ „-loi . . . n -la k A 
^ii...i k r ii H i k A ai...a h i 



v H ■ = p- lbl ■ ■ ■ p- lbk 

31— 3k r> 31 ^ 3k 



(9.10) 



which fulfil the cocycle condition (|1 .4\) . 

Remark 9.2. One tries to construct a graded tangent bundle over a graded manifold (Z,%1) 
whose sheaf of sections is the graded derivation sheaf c)2l. Nevertheless, the transformation law 
( 9.10 ) shows that the projection 

Ve b-» pr 2 F£eTZ 
z 

is not global, i.e., Ve is not an exterior bundle. It means that the sheaf of derivations 021 is not 
a structure sheaf of a graded manifold. • 
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There is the exact sequence 

— ► AE* ® E ^ Ve ^ /\E* ® TZ — > (9.11) 

z z 

of vector bundles over Z. Its splitting 

j:z A d A ^z A (d A + r A ^) (9-12) 
transforms every vector field r on Z into the graded vector field 

r = r A d A - V r = r A (^ + % A), (9.13) 

which is a graded derivation of the sheaf 21e satisfying the Leibniz rule 

V T (s/) = (rJds)/ + sV T (/), /Ga £ (Z), S GC°°(Z). 

Therefore, one can think of the splitting ( |9.12D of the exact sequence (p. 11]) as being a graded 
connection on the simple graded manifold (Z, 2lg) |lj. In particular, this connection 
provides the corresponding horizontal splitting 

u = u A d A + u^ a = u\d A + % A) + K - M ^)|_ 

of graded vector fields. 

In accordance with Theorem |1.5| , a graded connection ( |9.12| ) always exists. 

Remark 9.3. By virtue of the isomorphism (|9.2| ), any connection 7 on a graded manifold (Z, 21), 
restricted to a splitting domain U, takes the form ( |9.12 ). Given two splitting domains U and U' of 
(Z, 21) with the transition functions (p^), the connection components 7^ obey the transformation 
law 

lA=lA-^;P a + d A p a . (9.14) 



If J7 and U' are the trivialization charts of the same vector bundle E in Theorem 9.1 together 



with the transition functions ( |9.4[) , the transformation law ( |9.14 ) takes the form 

^ = p a b (z)^ + d A p a b (z)c b . (9.15) 



Remark 9.4. It should be emphasized that the above notion of a graded connection differs from 
that of a connection on a graded fibre bundle (Z, 21) — > (X, B) in Q. The latter is a section of 
the jet graded bundle ^(Z/X) — > (Z,%L) of sections of the graded fibre bundle (Z,%1) — > (X, B) 
(see [35] for formalism of jets of graded manifolds). • 
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Example 9.5. Every linear connection 

7 = dz A ® (5a + j A a b y b d a ) 
on the vector bundle E —* Z yields the graded connection 

7s = d^<g)(d A + 7A V^) (9.16) 



on the simple graded manifold (Z, 21e). In view of Remark [^yj, 75 is also a graded connection 
on the graded manifold (Z, 21) = (Z, 21e), but its linear form ( |9.16|) is not maintained under the 
transformation law ( 9.14| ). • 

The curvature of the graded connection V T (|9.13|) is defined by the expression: 

R(T,T f ) = \y r ,Vr>] - V[t,t>], 



R( T , t') = r A T ,B R a AB — :K E ^K E 



d_ 

dc a 

d _„ ^ d 



Kb = d A l a B ~ 9bTa + l k A^ k T B ~ Jb^Ta- (9-17) 
It can also be written in the form 

R=\-R a AB dz A Adz B <g>^-. (9.18) 

Let now Vjj — > Z be a vector bundle which is the pointwise Ai?*-dual of the vector 
bundle Ve — ► Z\ It is locally isomorphic to the vector bundle 

VJ^ « A-B 1 * ® (E* @T*Z)\ij. 
z z 

With respect to the dual bases {dz A } for T*Z and {(fc b } for pr 2 V*E = E*, sections of the 
vector bundle V E take the coordinate form 

<p = (f) A dz A + <p a dc a } 

together with transition functions 

& = p~ lb J b , <I>'a = ^a + p- lh a d A {p^ . 

They are regarded as graded exterior one-forms on the graded manifold (Z, 2lg). 

The sheaf O^e of germs of sections of the vector bundle V% — > Z is the dual of the 
graded derivation sheaf D21e, where the duality morphism is given by the graded interior 
product 

u\0 = u A 4>A + (-l) lM u a a . (9.19) 
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In particular, the dual of the exact sequence ( |9.11|) is the exact sequence 

-»• AE* ® T*Z -»• VI -»• AE* ® E* -»• 0. (9.20) 

Any graded connection 7 ( |9.12| ) yields the splitting of the exact sequence ( |9.20| ), and de- 
termines the corresponding decomposition of graded one-forms 

= (f) A dz A + <j) a dc a = ((f) A + (t) a l a A)dz A + Mdc a - T A dz A ). 

k 

Graded exterior fc-forms are defined as sections of the graded exterior bundle A V% 
such that 

0Aa = (-i)^ IH+MM aA0, (9.21) 
where |.| denotes the form degree. For instance, 

dz A A dd = -de 1 A dz A , dd A dc> = dd A dc\ (9.22) 
The graded interior product ( |9.19| ) is extended to higher graded exterior forms by the rule 

u\((f)Aa) = {u\<f>) Ao-+(-l)^ l+MN 0A (u\a). (9.23) 

The graded exterior differential d of graded functions is introduced by the condition 
u\df = u(f) for an arbitrary graded vector field u. It is extended uniquely to graded 
exterior forms by the rule 

d((j>Aa) =d<pAa + (-l)W<pAda, dod = 0, (9.24) 

and is given by the coordinate expression 

d 

d6 = dz A A d A (j) + dc a A —0, 

oc a 

where the left derivatives d\, d/dc a act on coefficients of graded exterior forms by the rule 
( |9.9D , and they are graded commutative with the forms dz A , dc a [TBI E5[. The Lie derivative 
of a graded exterior form <ft along a graded vector field u is defined by the familiar formula 

L u (p = u\d<p + d(u\<p). (9.25) 

It possesses the property 

L u (0 A 0') = L u (0) A 0' + (-1)»]0 A Lu (0'). 

With the graded exterior differential^, graded exterior forms constitute an N-, Z 2 -graded 
differential algebra 0*Ae, where 0*Ae = Ae = ^e(Z) denotes the structure module 
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of graded functions on Z. It is called a graded commutative differential algebra. The 
corresponding graded de Rham complex is 

-> R A E O l A E • • • C fe ^ B ■ • • . (9.26) 



Cohomology Hq R (Z) of the graded de Rham complex (|9.26|) is called graded de Rham 



cohomology of the graded manifold (Z, One can compute this cohomology with the 
aid of the abstract de Rham theorem. Let D k( Ql E denote the sheaf of germs of graded k- 
forms on (Z, Its structure module is O k AE = D k %l E (Z). These sheaves make up the 
complex 

O^R — >Ql E ^D 1 ^ -^•••£) fc 2b (9.27) 
All O k % E are sheaves of C|?-modules on Z and, consequently, are fine and acyclic. Fur- 



thermore, the Poincare lemma for graded exterior forms holds M, 25]. It follows that the 



complex (|9.27|) is a fine resolution of the constant sheaf K on the manifold Z. Then, by 



virtue of the abstract de Rham theorem, there is an isomorphism 

H* GR {Z) = H*(Z; R) = H*{Z) (9.28) 

of the graded de Rham cohomology Hq R (Z) to the de Rham cohomology H*(Z) of the 
smooth manifold Z ||25|| . Moreover, the cohomology isomorphism fl9.28|) accompanies the 
cochain monomorphism 0*(Z) — > 0*Ae of the de Rham complex 0*(Z) of smooth exterior 
forms on Z to the graded de Rham complex (|9.26 ). Hence, any closed graded exterior form 



is split into a sum <p = da + cp of an exact graded exterior form da G 0*A E and a closed 
exterior form tp G 0*(Z) on Z. 

10 Jets of ghosts and antifields 

In field-antifield BRST theory, the antibracket is defined by means of the variational op- 
erator. This operator can be introduced in a rigorous algebraic way as the coboundary 
operator of the variational complex of exterior forms on the infinite jet space of physical 



fields, ghosts and antifields []|, ||, [10], [TTJ] . Herewith, the antibracket and the BRTS oper- 
ator are expressed in terms of jets of ghosts and physical fields. For example, the BRST 
transformation of gauge potentials a\ in Yang-Mills theory reads 

sa\ = C[ + c r pq a p x C q i 

where C{ are jets of ghosts C r introduced in a heuristic way. 

Furthermore, the variational complex in BRST theory on a contractible manifold X = 
R n is exact. It follows that the kernel of the variational operator 5 equals the image of 
the horizontal differential du- Therefore, several objects in field-antifield BRST theory 
on R n are determined modulo G?#-exact forms. In particular, let us mention the iterated 
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cohomology H k,p (s\d,H) of the BRST bicomplex, defined with respect to the BRST operator 
s and the horizontal differential da, and graded by the ghost number k and the form degree 
p. The iterated cohomology of form degree p = n = dimX coincides with the local 
BRST cohomology (i.e., the s-cohomology modulo du)- If X = MJ 1 , an isomorphism of the 
local BRST cohomology H k > n (s\d H ), k ^ -n, to the cohomology H^ n of the total BRST 
operator s + d H has been proved by constructing the descent equations [TIJ. This result 



has been generalized to an arbitrary connected manifold X |I9 , For this purpose, we 



provide a (global) differential geometric definition of jets of odd ghosts and antifields, and 
extend the variational complex to the space of these jets. 

For the sake of simplicity, we consider BRST theory of even physical fields and finitely 
reducible gauge transformations. Its finite classical basis consists of even physical fields of 
zero ghost number, even and odd ghosts (including ghosts-for-ghosts) of strictly positive 
ghost number, and even and odd antifields of strictly negative ghost number. For instance, 
this is the case of Yang-Mills theory. 

A. Jets of odd ghosts 

There exist different geometric models of ghosts. For instance, ghosts in Yang-Mills 
theory are often represented by the Maurer-Cartan form on the gauge group 0. This 
representation, however, is not extended to other gauge models. We describe all odd fields 



as elements of simple graded manifolds |50|, £5j, . 

Let Y — > X be the characteristic vector bundle of a simple graded manifold (X, 2ly). 
The r-order jet manifold J r Y of Y is also a vector bundle over X. Let us consider the simple 
graded manifold (X, 2ljry), determined by the characteristic vector bundle J r Y — > X. Its 
local basis is {x x , c^}, < |A| < r, where A = (A^, . . . , Ai) are multi-indices. It possesses 
the transition functions 



( -Ja 



A— A "= dx( P ]<i), d X = d X + J2 *"A+A "fT\T ' (i - 1 ) 

|A|<r ° Ca 



where d\ is the graded total derivative. In view of the transition functions (|10.1| ), one can 



think of (X, Qljry) as being a graded r-order jet manifold of the simple graded manifold 
(X,Ql Y ). 

Let 0*Ajry be the differential algebra of graded exterior forms on the graded jet ma- 
nifold (X, 2tjry). Since Y — >• X is a vector bundle, the canonical fibration 7r^_ 1 : J r Y — > 
jr-iy i s a linear morphism of vector bundles over X and, thereby, yields the corresponding 
morphism of graded jet manifolds (X, — > (X, 2ljr-i y ) accompanied by the pull-back 
monomorphism of differential algebras 0*Ajr-\y — > 0*A jry. Then we have the direct 
system of differential algebras 

0*Ay — > 0*Ajiy ► • • • 0*Ajry ^ • • • . 
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Its direct limit O^Ay consists of graded exterior forms on all graded jet manifolds (X, 2ljry) 
modulo the pull-back identification. It is a locally free graded C°°(X)-algebra generated 
by the elements 



(1, c a A , dx x , 91 = dc a A ~ Ca+a^ a ), < |A|, 

where dx x and 6% are called horizontal and contact forms, respectively. In particular, O^Ay 
is the graded commutative ring of graded functions on all graded jet manifolds (X, 2ljry) 
modulo the pull-back identification. 

Let us consider the sheaf O^Ay of germs of graded functions (ft G O^Ay. It is a sheaf 
of graded commutative algebras on X, and the pair (X, O^Ay) is a graded manifold. This 
graded manifold is the projective limit of the inverse system of graded jet manifolds 

(X,Z Y ) <— (X,%jly) < (X,Kjry)< , 

and is called the graded infinite jet manifold. Then one can think of elements of the algebra 
O^Ay as being graded exterior forms on the graded manifold (XjO^Ay)- 
There is the canonical splitting of 

O^Ay = © O k JA Y , < k, 0<s<n, 

k,s 

into C^y4.y-modules O^fAy of fc-contact and s-horizontal graded forms. Accordingly, the 
graded exterior differential d on O^Ay is split into the sum d = du + dy, where dn is the 
nilpotent graded horizontal differential 

d H (<f>) = dx X A d x ((f>) : O^Ay - O k ^ +1 Ay. 

With respect to the BRST operator s, the graded exterior forms (ft G O^Ay are char- 
acterized by the ghost number 

g h(rf4) = gh(4)=gh(c ffl ), 

and one puts s o dn + du ° s = 0. 

B. Even physical fields and ghosts 

In order to describe odd and even elements of the classical basis of field-antifield BRST 
theory on the same footing, we will generalize the notion of a graded manifold to graded 



commutative algebras generated both by odd and even elements [41 . 

Let Y = Yq © Y\ be the Whitney sum of vector bundles Yq — ► X and Y\ — > X. We 
regard it as a bundle of graded vector spaces with the typical fibre V — Vq © V\. Let us 
consider the quotient of the tensor bundle 



)Y* = © (®y*) 

fc=0 X 
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by the elements 



vqv'o - y'oVo, yiy'i + y[yi, yovi - ym 

for all y , y' G Yq x , yi,y[ G Y* x , and x G X. It is an infinite-dimensional vector bundle, 
further denoted by AY*. Global sections of AY* constitute a graded commutative algebra 
Ay, which is the product over C°°(X) of the commutative algebra Ao of global sections 
of the symmetric bundle VY * — > X and the graded algebra A\ of global sections of the 
exterior bundle AY* — > X. 

Let 21, 2l and 2li be the sheaves of germs of sections of the vector bundles AY*, VF * 
and AY*, respectively. The pair (X, is a familiar simple graded manifold. Therefore, 
we agree to call (X, 21) the graded commutative manifold, determined by the characteristic 
graded vector bundle Y. Given a bundle coordinate chart {U;x x ,yl,y1) of Y, the local 
basis for (X, 21) is (x x , Cq, c"), where {c l } and {c"} are the fibre bases for the vector bundles 
Y" * and Y* , respectively. Then a straightforward repetition of all the above constructions 
for a simple graded manifold provides us with the differential algebra O^A of graded 
commutative exterior forms on the graded commutative infinite jet manifold (X, Q^A). 
This is a C 00 (X)-algebra generated locally by the elements 

(l,c J 0A ,c? A ,rfx A ,^ A ,^ A ), 0< |A|. 

Its C°°(X)-subalgebra O^Ai, generated locally by the elements (1, c\ A , dx x , 0\ A ), is exactly 
the differential algebra of graded exterior forms on the graded manifold (X, n°^4i). The 
C°°(X)-subalgebra O^Ao of O^A generated locally by the elements (1, Cq A , dx x , 6>q A ), < 
|A|, is isomorphic to the polynomial subalgebra of the differential algebra O*^ of exterior 
forms on the infinite jet manifold J°°Y Q of the vector bundle Y — > X after its pull-back 



onto X | 19| , |20| . The algebra O*^ provides the differential calculus in classical field theory. 



C. Antifields 



The jet formulation of field-antifield BRST theory enables one to introduce antifields on 
the same footing as physical fields and ghosts. Let $ A be a collective symbol for physical 
fields and ghosts. Let E be the characteristic graded vector bundle of the graded commu- 
tative manifold, generated by $" 4 . Treated as source coefficients of BRST transformations, 
antifields $^ with the ghost number 

gh $* A = -gh $ A - 1 

are represented by elements of the graded commutative manifold, determined by the char- 

n 

acteristic graded vector bundle AT*X eg) E*. Then the total characteristic graded vector 
bundle of a graded commutative manifold for a classical basis of field-antifield BRST theory 
is 

Y = E® (AT*X® E*). 



72 



In particular, gauge potentials a r x in Yang-Mills theory on a principal bundle P — ► X 
are represented by sections of the affine bundle J l P/G — > X, modelled on the vector bundle 
T*X © VqP — > X. Accordingly, the characteristic vector bundle for their odd antifields is 

A T*X © TX © V^P -> X. 

As was mentioned above, the characteristic vector bundle for ghosts C r in Yang-Mills 
theory is the Lie algebra bundle VqP — > X. Then the characteristic vector bundle for their 
even antifields is 

A T*X © V£P -> X. 

Thus, the total characteristic graded vector bundle for BRST Yang-Mills theory is 

Y = Y ®Y 1 = [(T*X © VqP) © (A T*X © V^P)] © 
[V G P © (A T*X © TX © V£P)]. 

The jets <3>^ A of antifields $ A are introduced similarly to jets $^ of physical fields and 
ghosts $ j4 . 

D. The variational complex in BRST theory 

The differential algebra O^A gives everything for global formulation of Lagrangian 
field-antifield BRST theory on a manifold X. We restrict our consideration to the short 
variational complex 

— >M — tO^A ^O^A--- ^O^A -^-Im5 — 0, (10.2) 

where 5 is the variational operator such that S o dn = 0. It is given by the expression 

5{L) = (-1)I A I0° A d A (d^L), L G O^A, 

with respect to a physical basis (C a ) = ($ j4 , $^)- 

The variational complex (|10.2| ) provides the algebraic approach to the antibracket tech- 
nique, where one can think of elements L of O J^A as being Lagrangians of fields, ghosts 
and antifields. Note that, to be well-defined, a global BRST Lagrangian should factorize 
through covariant differentials of physical fields, ghosts and antifields PaC° = Ca — 7a> where 
7 is a connection on the graded commutative manifold (X, 21). 



In order to obtain cohomology of the variational complex ( |10.2|) , let us consider the 
sheaf O^A of germs of elements (f> G O^A and the graded differential algebra P^A of 
global sections of this sheaf. Note that P^A ^ O^A. Roughly speaking, any element of 
O^A is of bounded jet order, whereas elements of P^A need not be so. 

We have the short variational complex of sheaves 

— >R -^Q^A ^O^A--- ^O^A ^Im<5^0. (10.3) 
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Graded commutative exterior forms <fi G O^A are proved to satisfy the algebraic Poincare 
lemma, i.e., any closed graded commutative exterior form on the graded manifold (M n , Q^A) 
is exact flOfl . Consequently, the complex ( |10.3| ) is exact. Since Q^A are sheaves of C°°(X)- 



modules on X, they are fine and acyclic. Without inspecting the acyclicity of the sheaf 



Im<5, one can apply a minor modification of the abstract de Rham theorem |20| to the 
complex ( |ltJ.ij| ), and obtains that cohomology of the complex 



— >R -^P^A ^P^A--- ^P^ n A ^Ulmc^O (10.4) 

is isomorphic to the de Rham cohomology of a manifold X. 

Following suit of Theorem RT7I and replacing exterior forms on J°°Y with graded commu- 



tative forms on (X, Q^A), one can show that cohomology of the short variational complex 
( |10.2|) is isomorphic to that of the complex ( |10.4|) and, consequently, to the de Rham coho- 
mology of X. Moreover, this isomorphism is performed by the natural monomorphism of 
the de Rham complex O* of exterior forms on X to the complex (|10.4j ). It follows that: 



(i) every ^-closed graded form £ 0^ <n A is split into the sum = ip + dnC,, where 
<p is a closed exterior m-form on X; 

(ii) every 5-closed graded form e O^A is split into the sum cf> = ip + <i#£, where ip is 
an exterior n-form on X . 

One should mention the important case of BRST theory where Lagrangians are inde- 
pendent on coordinates x x . Let us consider the subsheaf Q^A of the sheaf Q^A which 
consists of germs of x-independent graded commutative exterior forms. Then we have the 
sub complex 

—R -^^LA ^5^4- •• ^~3^A -UlmS^Q (10.5) 
of the complex ( |10.3| ) and the corresponding subcomplex 

— >R -^P^A ^P^A--- ^P^A ^ImS^O (10.6) 



of the complex ( |10.4[ ). Clearly, P^A C O^A, i.e., the complex ( |10.6| ) is also a subcomplex 



of the short variational complex (|10.2|) . 

The key point is that the complex of sheaves ( |10.5| ) fails to be exact. The obstruction 



to its exactness at the term 0^ consists of the germs of constant exterior fc-forms on X 



'•oo 

7fc 



0. Let us denote their sheaf by Sx- We have the short exact sequences of sheaves 

— > Im d H — > Ker d H — > S k x — > 0, < k < n, 
lmd H -> Ker5 -> S x -f 

and the corresponding sequences of modules of their global sections 

-> lmd H (X) -> Kerd H (X) -> S X (X) -> 0, < k < n, 
-> lmd H (X) -> Kerd(X) -> S£(X) -> 0. 
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The latter are exact because S^ n and are subsheaves of the sheaves Kerdn and KerS, 
respectively. Therefore, the kth cohomology group of the complex ( |10.6| ) is isomorphic 
to the IR-module Sx(X) of constant exterior fc-forms, < k < n, on the manifold X. 
Consequently, any ^-closed graded commutative fc-form, < k < n, and any ^-closed 
graded commutative n-form 0, constant on X, are split into the sum = ip + d H £ where <p 
is a constant exterior form on X. 
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